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Introduction 
The classical single period s –S policy probabilistic inventory model with setup cost, popularly known as the Newsvendor or Newsboy model has evolved over time. According to [1], extensions to this model can be classified into extension to different objectives and utility functions ([2], [3], [4], [5], [6], [7]). 
Another extension is to different supplier pricing policies. These include the works of [8], [9], [10], and [11] among others. A further extension is to different news – vendor pricing policies and discounting structures among which are the works of [12], [13], [14], [15],  [16], [17] Still on the list of extensions is the extension of the model to random yields. These include the works of [18], [19], [20], [21], [22], [23] and [24].  
Also on the list is the extension to different states of information about demand. Some relevant researches include those of [25], [26], [27], [28] and [29] among others. 

Details of further extensions such as extension to constrained multi-product, extension to multi echelon systems, extension to multi- location models, extension to models with more than one period and other extensions can also be found [1]. 
Some recent modifications and applications of the newsvendor model include the works of [30] on the newsvendor problem with unknown distribution, [31] on the classical newsvendor model under normal demand with large coefficients of variation, [32] on improved profit functions for newsvendor models with normally distributed demand, and the work of [33] on newsvendor problem under complete uncertainty.  
This study focuses on determining the optimal grain storage quantity for a grain storage business enterprise with setup cost and decomposed period of holding stock. This necessitated a unique modification of the classical newsvendor model in the development of our probabilistic inventory model. The flexibility of the formulated model 

Abstract The classical single period s –S policy probabilistic inventory model with setup cost, popularly known as the Newsvendor or Newsboy model has evolved over time.  In this study, we addressed the problem of determining the optimal grain storage quantity for grain storage business enterprise with setup cost and decomposed period of holding stock. Modifications of the classical newsvendor model in the development of the probabilistic inventory model was adopted. Model parameters were determined from data based on expert opinion of small scale rice paddy storage traders in Makurdi, Nigeria and sensitivity analyses were performed for uniform and exponential sale distributions for comparative purpose. It was recommended that, traders with uniformly distributed sales between 1.0 and 1.5 tons (mean = 1.25 tons) would be required to store an optimal quantity of 1.0 ton of rice paddy during the period, while, those with exponential sale distribution with mean 1.25 tons, would require an optimal storage quantity of 4.0 tons. Furthermore, traders who wish to expand their business by ten times its present storage capacity of say 1.0 tons, should prepare to incur a shortage cost of N7000.00 and N116, 824.94 respectively for a uniform and exponentially distributed sale. For a storage capacity of 55 tons, they should expect a shortage cost of N115, 000.00 for a uniformly distributed sale and N57, 432.45 for an exponentially distributed sale. The study concludes that the probabilistic inventory model formulated is flexible and adaptable for any tractable distribution function of sales units and for the prediction of future shortage costs.  
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makes it adaptable for any tractable distribution function of sales units and for the prediction of future shortage costs. This justifies our reason for this study. 
Methodology In this section, we present the source and nature of data used in the research as well as the details of the model formulations. 
Source and nature of data The data for this work was sourced from experts who store and sell rice paddy on a small scale (1.0 – 1.5 tons or 10 – 10.5 bags) in Makurdi, Benue state, Nigeria. These include the current selling price of a ton (bag) of rice paddy as well as its current setup, holding and shortage cost. Details are on Table 1. Sensitivity analyses were done by varying these costs in the neighborhood of their current values for the uniform and exponential sales distribution. 
Model formulation  In this section, we present the s - S Policy Model with setup cost according to [34]. This is followed by the formulation of our Probabilistic Inventory Model with setup cost and decomposed period of holding cost. 
Assumptions of the s-S policy with setup inventory model 
(i) Demand occurs instantaneously at the start of the period  (ii) Setup cost is incurred   
Model equations of the s – S policy with setup inventory model 
In this model, the total expected cost of inventory per period 
 ;as illustrated in Figure 1. That is ( ሽ(ݕ)ܥሼܧ) equals the sum of the setup cost (k) and the expected cost per period (ሽ(ݕ)̅ܥሼܧ)

ሽ(ݕ)̅ܥሼܧ . = ݇ +  ሽ(ݕ)ܥሼܧ
= ݇ + ℎ ׬ ݕ) − ܦ݀(ܦ)݂(ܦ + ݌  ׬ ܦ) − ∞ ܦ݀(ܦ)݂(ݕ

௬
௬

଴               (1) 
where;  
k = setup cost per order, h = holding cost per held unit during the period,  p = shortage or penalty cost per shortage unit during the period, f (D) = probability density function of demand, D during the period, y = order quantity and x = inventory on hand before order is placed.  
This model determines the optimal order quantity (y*) that minimizes the sum of the expected holding and shortage 
costs. Since k is a constant, the minimum value of ܧሼ(ݕ)̅ܥሽ must occur at y*. 
It follows from (1) that; 
p(y≤ ݕ ∗) = ௣

௣ା௛        (2)                                                       
Observe in figure 2 that; 
  ܵ = ݕ ∗                  (3) 
and ݏ(< ܵ)  is determined from the equation  
ሽ(ݏ)ܥሼܧ =                ሽ(ܵ)̅ܥሼܧ 
         = ݇ +  ሽ                       (4)(ܵ)ܥሼܧ
According to [34], equation (4) yields another value ݏଵ(>S), which is discarded. 

 
Figure 1: Optimal ordering policy for an (s – S) single period model 
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Assuming that ݔ is the amount on hand before an order is placed, how much more can be ordered can be determined from the following conditions. 
(i) ݔ < ݏ (ii)       ݏ ≤ ݔ ≤ ܵ           (iii)         ݔ >
ܵ 
Judging from figure 2, condition (ii) results into; 
ሽ(ݔ)ܥሼܧ ≤ min௬வ௫ ሽ(ݕ)̅ܥሼܧ =  ሽ (5)(ܵ)̅ܥሼܧ
Showing that ݕ ∗ =  The reason being that, the cost of .ݔ
having ݔ amount of stock on hand before an order is placed equals the total cost of maintaining the  optimal storage 
quantity (ݕ ∗) in inventory.  
Still judging from figure 2, condition (iii) also results for ݕ   ;into ,ݔ<
ሽ(ݔ)ܥሼܧ <  ሽ   (6)(ݕ)̅ܥሼܧ
Hence,  ݕ ∗ =  on hand before an order is placed should be maintained as the ( ݔ) This means that the amount of stock .ݔ
optimal stock (ݕ ∗) since it attracts a cost smaller than the 
total expected cost of having ݕ >  .stocks in inventory ݔ
Condition (i) is the only advantageous condition. Because ݔ is already on hand, its equivalent cost is ሼ(ݔ)ܥሽ . If any 
additional amount ݕ − ݕ)  ,ݔ >  is ordered, the (ݔ
corresponding cost given  ݕ, is ܧሼ(ݕ)̅ܥሽ, which includes the set up cost k. From figure 2,  
min௬வ௫ ሽ(ݕ)̅ܥሼܧ = ሽ(ܵ)̅ܥሼܧ <  ሽ (7)(ݔ)ܥሼܧ
This means that since the total expected cost of having ݕ > ݕ stock on hand, then ݔ ሽ, of having(ݔ)ܥሼܧ stock in inventory is less than the cost  ݔ − ݕ additional stock can be ordered. Hence the optimal inventory policy is to order ݔ −  .s >ݔ  amount of stock whenever ݔ
Formulation of the probabilistic inventory model with setup cost and decomposed period of holding cost Here, we present the formulation of our probabilistic inventory model as well as it model equations. The model seeks to determine the optimal storage quantity (y*) that will 
minimize the total expected cost ( ܧሼ(ݕ)̅ܥሽ) of keeping ݕ 

units of stocks in inventory. The components of this cost are; the setup (k), holding (h) and shortage or penalty cost (p). The model was formulated by modifying the s – S policy single period inventory model with setup cost. The modifications made include the decomposition of the period of holding stocks inventory into two components. Namely, the holding cost during the fixed period of storage and the holding cost during the variable period of sales. Other modifications can be inferred from the model assumptions of both models. The formulation was done with its application to the grain storage business enterprise in mind  Model notations and parameters  
Notations/parameters  Notations/parameters 
ts = storage start time   k = setup cost per sale 
te = storage end time  h = holding cost per head unit  
 tss = sales start time   p = penalty or shortage  cost  per shortage unit 
tse = sales end time                   ݂(ܵ௔) = probability density function of sale,                             ܵ௔ during the period 
 ths = harvest start time            y* = optimal storage units 
the = harvest end time 
This notations and parameters are used in understanding the dynamics of the inventory as captured in the model schematic. 
Model  schematic The model schematic figure 2, shows three sub periods of the single period probabilistic inventory model. These include the storage, sales and harvest sub periods. The storage sub period is a fixed period of holding stock in inventory. The sales sub period is a variable period of holding stock in inventory while the harvest period is a sub period of no stock in inventory. The three sub periods makeup a business cycle or business period. 

 Figure 2: Model schematic of the probabilistic inventory model for grain storage business enterprise management 
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Model assumptions 
(i) Sales begin at the end of the storage period or at the start of the sales period. 
(ii) Holding cost is fixed within the storage period but changes during the sales period. 
(iii) No inventory on hand before the start of the storage period. 
(iv) Demand distribution of stock is same as its sales distribution 
Observe in the model assumptions above, the modification 
made to the assumption (i) and the addition of assumptions (ii), 
(iii) and (iv) to the assumptions of the s – S policy inventory 
model. This is due to the peculiarity  of our probabilistic 
inventory model. In this model, sales rather than demand 
distribution of stock is emphasized. This is because demand for 
grains most especially cereals, is always there. The problem is 
that of determining the optimal storage quantity that traders 
can sell (or handle) in order to minimize the sum of the setup, 
holding and shortage or penalty costs.  
 Model equations  
Presented in this section are the determination of the optimal storage quantity (y*) and the total expected cost of storage, 
 .ሽ for the uniform and exponential sale distributions(ݕ)̅ܥሼܧ

(a) Determination of the optimal storage quantity (y*) 
Since the setup cost (k) is constant and the holding cost during the storage period is fixed, we then borrow a leaf from figure 1 and write; 
ሽ(ݕ)ܥሼ̅ܧ . = ݇ + ℎݕ +  ሽ(ݕ)ܥሼܧ
= ݇ + ℎݕ + ℎ ׬ ݕ) − ܵ௔)݂(ܵ௔)݀ܵ௔ + ݌  ׬ (ܵ௔ − ∞ ௔ܵ݀(௔ܵ)݂(ݕ

௬
௬

଴            (7) 
here all variables and parameters are as earlier defined. 
We seek to determine the optimal storage quantity ( y*) that 
minimizes the total expected cost, ܧሼ(ݕ)̅ܥሽ per period. Hence differentiating equation 7 with respect to y, equating to zero and simplifying results into; 
ݕ)݌ ≤ ݕ ∗) =  ௣ି௛

௣ା௛ , ݌ ≥ ℎ                                                      (8) 
where,  
ݕ)݌ ≤ ݕ ∗) = ׬ ݂(ܵ௔)݀ܵ௔௬∗

଴ ׬ ,   ݂(ܵ௔)݀ܵ௔∞
௬∗ = 1 − ׬ ݂(ܵ௔)݀ܵ௔௬∗

଴            (9) 

This imply that the chance of having a storage quantity (y) between 0 and the optimal quantity (y*) in inventory exist if the penalty cost (p) is greater than or equal to the holding cost (h).  
For a uniform (a,b) sales distribution where a = minimum sales unit and b = maximum sales unit; 

௔ܵ)݌  ≤ ݕ ∗) = ׬ ଵ
௕ି௔ ݀ܵ௔௬∗

௔  
     = ௬∗ ି௔

௕ି௔                                                      (10) 
Equating equations (8) and (10) we have; 
௣ି௛
௣ା௛ = ௬∗ି ௔

௕ି௔     and 

ݕ   ∗ = ܽ + ௣ ି௛
௣ା௛ (ܾ − ܽ)                                                          (11) 

For an exponential sales distribution with ݉݁ܽ݊ =  ଵ
ఒ ,  

 ݂(ܵ௔) = ఒௌೌ ,    ܵ௔ି݁ߣ > 0                                         (12) 
௔ܵ)݌ ≤ ݕ ∗) = ݕ)ܨ ∗) = 1 − ݁ିఒ௬∗,  ܵ௔ > 0                (13) 
Equating (8) with (13) we have; 
௣ି௛
௣ା௛ =  1 − ݁ିఒ௬∗  and  
ݕ ∗ = ሾܵ௔ሿܧ−  ∗ ln ቀ1 − ௣ି௛

௣ା௛ቁ                                                   (14) 
Observe from figure 1 that if we hold S units of inventory at the start of the period (when the inventory is empty) then,  ݕ = ܵ . 
Observe also that; 
min௬ஹௌ ሽ(ݕ)̅ܥሼܧ = ሽ(ܵ)̅ܥሼܧ <  ሽ௬வௌ                               (15)(ݕ)̅ܥሼܧ
This shows that the total cost of storing S units in inventory at the start of the period, is the least cost one would ever incur 
amidst all costs of storing ݕ ≥ ܵ units in inventory.  
Our inventory policy therefore is to;  
Store ݕ ∗ = ܵ units in inventory at the start of the period. 
 As with the s – S policy model, the optimality of our model is guaranteed because of the convex nature of the associated cost function. 

(b) Determination of the total expected cost of storage, 
 ሽ(ݕ)̅ܥሼܧ

Recall from equation (7) that; 
ሽ(ݕ)̅ܥሼܧ    = ݇ + ℎݕ + ℎ න ݕ) − ܵ௔)݂(ܵ௔)݀ܵ௔ + ݌  න (ܵ௔ − ∞ ௔ܵ݀(௔ܵ)݂(ݕ

௬
௬

଴= ݇ + ℎݕ + ௔ܵ)݌ ≤ ℎݕ(ݕ − ℎܧሾܵ௔ሿ + ݌ − ሾܵ௔ሿܧ݌
+ ௔ܵ)݌ ≤  ݌ݕ(ݕ

= ݇ + ݌ + ℎݕ + ௔ܵ)݌ ≤ ݌)ݕ(ݕ + ℎ) − ݌)ሾܵ௔ሿܧ + ℎ)                           (16) 
(i) For the aforementioned uniform (a,b) sales distribution, recall that  
௔ܵ)݌     ≤ ݕ ∗) = ௬∗ ି ௔

௕ି௔   
and 
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ሾܵ௔ሿܧ = ܽ + ܾ
2  

It follows from equation (15) that; 
ݕ)ܥሼ̅ܧ ∗)ሽ = ݇ + ݌ + ݕ ∗ ( ℎ) + ݌) + ℎ)(௬∗(௬ି௔)

௕ି௔ − (௔ା௕)
ଶ )              (17) 

(ii)           For the aforementioned exponential sales distribution, recall from equation (13) that 
௔ܵ)݌  ≤ ݕ ∗) = 1 − ݁ିఒ௬∗, mean = 1 ൗߣ ,  ܵ௔ > 0 

ݕ)̅ܥሼܧ ∗)ሽ = ݇ + ݌ + ݕ ∗ ( ℎ) + ݌) + ℎ)(ݕ ∗ (1 − ݁ିఒ ∗) − 1 ൗߣ )                   (18) 
Predicting shortage cost (p) per unit when y* optimal units of storage are held in inventory 
For any distribution of sales, infer from equation (8) that 
0)݌ ≤ ݕ ∗) =  ௣ି௛

௣ା௛ , ݌ ≥ ℎ           
and 
݌ = ௛(ଵା௣(଴ஸ௬∗))

ଵି௣(଴ஸ௬∗)                        (19) 
 It follows that the shortage or penalty cost (p) for the uniform and exponential sales distribution are respectively; 
݌  = ௛(ଶ௔ି௬∗ି௕)

௬∗ ି௕                    (20) 
and 
݌ = ௛(ଶି௘షഊ೤∗)

௘షഊ೤∗ = ℎ(2݁ఒ௬∗ − 1)    (21) 
Sensitivity analysis 
We perform sensitivity analyses using equations (16) and (17) for the uniform and exponential sales distribution. This is done 

in order to see the response of the total expected cost of 
storage, ܧሼ(ݕ)̅ܥሽ of holding y units of storage in inventory to changes in the holding cost (k) and the shortage or penalty cost (p). The former is used to address the holding cost concern of traders or farmers who store their grains in rented storage houses while the latter is used to address the concern of traders or farmers who would like to see the effect of various shortage or penalty costs (p) on the total expected cost of inventory. Further in the sensitivity analyses, equation (19) is used in predicting the shortage or penalty cost (p) given the cumulative probability of holding y* units of optimal inventory for the uniform and exponentially distributed sales. This is to enable traders or farmers to know beforehand, what they should expect of their shortage cost given their distribution of sales. 
Result and Discussion    
Following the information sourced from the opinion of small scale traders of rice paddy involved in the storage business enterprise, model results were obtained for assumed uniform and exponential distribution of sales. These two distributions as earlier mentioned, were chosen to reflect traders or farmers with equal sale chances (random sales) and those whose sale chances decreases with increase in storage quantity exponentially. As shown in table 1, a small scale rice paddy storage business trader in Makurdi metropolis, with uniformly distributed sales between 1.0 and 1.5 tons (mean = 1.25 tons) and holding, shortage and setup cost of N5000.00, N240, 000.00 and N1000.00 per ton would be required to store an optimal quantity of 1.0 ton of rice paddy during the period for a minimum total expected cost of storage. For comparative purpose, a rice paddy storage business man of equivalent capacity (mean = 1.25 tons) with exponential sales distribution would have exponential distribution parameter ߣ = 0.8. Maintaining the inventory model parameter estimates as in the uniform sales distribution, this trader would be required to maintain an optimal storage quantity of 4.0 tons during the period for a minimum total expected cost. See table 1 below for details. 

 
Table 1: Optimal storage unit and model parameter estimates for the uniform and exponential sales distribution 

Sales distribution and parameters Optimal storage units (tons) Holding cost per unit (N), per period Shortage cost per unit (N) Setup cost per unit (N) 
Uniform (a,b),a = 1.0, b = 1.5 1.00 5000.00 240000.00 1000.00 
Exponential (lamda), lamda = 0.8 4.00 5000.00 240000.00 1000.00 

 
Sensitivity analyses on the response of the total expected cost of inventory to changes in the holding and shortage costs were done for the uniform and exponential sales distributions. See tables 2 and 3. Table 2 shows that as the holding cost changes between N0.00 and N10, 000.00 per ton, the total expected cost of inventory ranged between N236,163.65 and N245,861.06 for the uniform sales distribution and between N864,432.85 and N930,267.70 for the exponential sales distribution. Observe the high total 

expected cost of inventory that would be incurred by traders with the exponential sales distribution. This is because increase in holding cost is as a result of more storage being held in inventory. This favours exponentially distributed sales as the chance of sales decreases with increase in storage quantity. The same explanation goes for the high shortage costs incurred by traders with exponentially distributed sales as shown in table 3. 
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Table 2: Distribution of uniform and exponential total expected costs for varying holding costs 

Holding cost per unit (N) Total expected cost (N) for uniform sales Total expected cost  (N) for exponential sales 
0.00 236163.65 864432.85 

2500.00 238588.00 880891.56 
5000.00 241012.35 897350.28 
7500.00 243436.70 913808.99 

10000.00 245861.06 930267.70 
   

Table 3: Distribution of uniform and exponential total expected costs for varying shortage costs 
         
 
 
 
 
 
 
 
 
 

 
Figure 3: Graphical relationship between predicted shortage cost and cumulative probability of storage quantity 
Further sensitivity analyses were performed to predict the shortage cost that would be incurred by traders with uniform and exponential sales for varying optimal storage units. Table 4 depicts a distribution of predicted shortage costs for 

0
500000
1000000
1500000
2000000
2500000

00.20.40.60.81
1.2

0 50 100 150 200

Pre
dict

ed 
sho

rtag
e  c

ost
 (N)

Cum
ula

tive
 pro

bab
ility

 of 
 y u

nits
 in 

inve
nto

ry

Storage  quantity (units)
Prob(0 < y) for Uniform sales distributionProb (0 < y) for exponential sales distriobutionPredicted shortage cost (N) for Uniform sales

Shortage cost (N) Total expected cost (N) for uniform sales Total expected cost (N) for exponential sales 
100000.00 103826.90 395430.15 
120000.00 123424.83 467133.02 
140000.00 143022.75 538835.90 
160000.00 162620.67 610538.77 
180000.00 182218.59 682241.65 
200000.00 201816.51 753944.53 
220000.00 221414.43 825647.40 
240000.00 241012.35 897350.28 



Agada et al.  FUAMJPAS 1(2):49-57, December 2021   

Publication of College of Science, Joseph SarwuanTarka University, Makurdi 
https://fuamjpas.org.ng/ 

  55   

uniformly distributed sales between 0 and 60 tons with the mean of 30 tons.  It also depicts a distribution of predicted shortage costs of exponentially distributed sales with mean 30 tons for comparative purpose. Observe from this table 

that the cumulative probability of having between 0 to y* units of storage in inventory increases with increase in storage units and so does the predicted cost of shortage.  
 Table 4: Distribution of predicted shortage cost for uniform and exponential sales across varying storage units 

       Uniformly distributed sale between 0 and 60 tons with mean 30 tons. Exponentially distributed sales with mean 30 tons 
 Optimal storage (sales)  units (y*) 

Prob(0 < y) for Uniform sales distribution Predicted shortage cost (N) for Uniform sales 

Optimal storage (sales) units (y) 
Prob (0 < y) for exponential sales distriobution Predicted shortage cost (N) for exponential sales 

0 0.00 5000.00 0 0.00 5000.00  5 0.08 5909.09 5 0.15 6811.64  10 0.17 7000.00 10 0.28 8951.47  15 0.25 8333.33 15 0.39 11478.97  20 0.33 10000.00 20 0.49 14464.36  25 0.42 12142.86 25 0.57 17990.59  30 0.50 15000.00 30 0.63 22155.65  35 0.58 19000.00 35 0.69 27075.26  40 0.67 25000.00 40 0.74 32886.13  45 0.75 35000.00 45 0.78 39749.72  50 0.83 55000.00 50 0.81 47856.73  55 0.92 115000.00 55 0.84 57432.45  60 1.00 - 60 0.86 68742.93  - - - 65 0.89 82102.46  - - - 70 0.90 97882.25  - - - 75 0.92 116520.76  - - - 80 0.93 138535.89  - - - 85 0.94 164539.36  - - - 90 0.95 195253.71  - - - 95 0.96 231532.38  - - - 100 0.96 274383.42  - - - 105 0.97 324997.50  - - - 110 0.97 384781.02  - - - 115 0.98 455395.13  - - - 120 0.98 538801.94  - - - 125 0.98 637319.02  - - - 130 0.99 753683.80  - - - 135 0.99 891129.64  - - - 140 0.99 1053475.66  - - - 145 0.99 1245232.85  - - - 150 0.99 1471729.45  - - - 155 0.99 1739258.98  - - - 160 1.00 2055255.11   
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The graphical relationship between the predicted shortage cost and the cumulative probability of optimal storage quantity is shown in figure 3. Observe also that if our small scale rice paddy trader wishes to expand his business by ten times its present storage capacity of say 1.0 tons, then from table 4, he would incur a shortage cost of N7000.00 and N116, 824.94 for a uniform and exponentially distributed sale 

respectively. For a capacity of 55 tons, he should expect a shortage cost of N115, 000.00 for a uniformly distributed sales and N57, 432.45 for an exponentially distributed sale. Equation (18) reveals the flexibility of the model, as it makes it adaptable for predicting future shortage costs for any distribution function of sales units. 
 Conclusion The study concludes that a probabilistic inventory model with setup cost and decomposed period of holding cost has being successfully developed in the study for the optimization of grain storage quantity. The flexibility of the model makes it adaptable for any tractable distribution function of sales units and for the prediction of future shortage costs. 
The study recommends that small scale rice paddy storage business traders in Makurdi metropolis with uniformly distributed sales between 1.0 and 1.5 tons (mean = 1.25 tons) would be required to store an optimal quantity of 1.0 ton of rice paddy during the period while, those with exponential sales distribution with mean 1.25 tons would require an optimal storage quantity of 4.0 tons. In addition, if theses rice paddy traders wish to expand their businesses by ten times  

 
its present storage capacity of say 1.0 ton, then they should prepare to incur a shortage cost of N7000.00 and N116824.94 respectively for a uniform and exponentially distributed sale. For a capacity of 55 tons, they should expect a shortage cost of N115, 000.00 for a uniformly distributed sale and N57, 432.45 for an exponentially distributed sale. 
For further research, our probabilistic inventory model with setup cost, decomposed period of holding stocks in inventory and triangular sales distribution should be considered. Moreover, a Monte Carlo Simulation Approach to handling sparse sales or demand data should also be considered for our model. 
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