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Introduction  
Tuberculosis (TB) remains a major public health challenge. It is 
caused by the bacteria, mycobacterium tuberculosis and currently 
ranks one of the top 10 causes of illness and death. Globally, 10 
million people were infected with TB and about 1.4 million died 
in 2019 according to the World Health Organization (WHO), [1]. 
In 2020, 86% of the new TB cases occurred in the 30 high TB 
burden countries. Eight countries accounted for two thirds of the 
new cases: India, China, Indonesia, Philippians, Pakistan, Nigeria, 
Bangladesh and South-Africa [Centers for Disease Control and 
Prevention (CDC), [2]]. Epidemiological models play a vital role 
in understanding the spread and severity of a pandemic (or 
epidemic) of an infectious diseases [3]. Epidemiology by definition 
is the branch of science that explores the spread of diseases, with 
an ultimate goal of understanding the factors that contribute to 
their occurrence [4]. During the outbreak of an infectious disease, 
it is crucial to simulate the potential growth for planning the 
outbreak control measures in order to provide useful insights into 
measurable outcome of existing interventions, predictions of 
subsequent growth and guiding alternative interventions ([5] and 
[6]). The estimation of variables and parameters are essential for 
modelling epidemiological models. This is a process used in 
calculating the model variables and parameters based on a data 
set [7]. Hence, estimating the exact variables and parameters 
associated with each constructed epidemiological model will help 
in guiding health workers and other critical stakeholders in the 
health sector in taking the right decision aimed at curbing further 
spread of an infectious disease. Some authors have attempted to 
estimate variables and parameters associated with their 
constructed model, (see for example, [7], [8], [9] and [10]). Most 

epidemiological models when successfully constructed are 
qualitatively analyzed to obtain conditions that will provide an 
insight in the prevention and possibly eradication of such disease 
(s) under study. After computing the basic reproduction number 
or control (effective) reproduction number as the case may be, 
sensitivity analysis is often carried out in order to determine 
parameters of the model that are most sensitive and targeted by 
way of intervention strategies. Thereafter, many researchers 
often conduct numerical simulations in order to gain a better 
insight of such disease(s) under consideration over a specified 
period of time. Now, the values of these variables and parameters 
associated with the developed models are most a time lifted from 
other papers without actually estimating them with respect to the 
formulated model, (see for example, [11], [12], [13], [14] and 
[15]). When variables and parameters are properly estimated 
with respect to a model, they help in taking the right decision 
especially after conducting numerical simulations in the case of 
epidemiological models as to whether there will be a potential 
growth or reduction of a pandemic (or an epidemic) in a 
population. 
In Ashezua [16], qualitative analysis of the model was carried out 
without showing how the variables and parameters of the model 
were estimated. In this paper, a careful guide is provided on how 
the variables and parameters of an infection-age-structured model 
developed in Ashezua [16] is estimated from the available 
information obtained from the WHO, CDC, Central Intelligence 
Agency (CIA) and the works of other authors cited in this paper. 
This will go a long way in helping most researchers estimate 
variables and parameters of their constructed models. 

Abstract 

In this paper, a guide on how the variables and parameters of an infection-age-structured mathematical model for 
tuberculosis disease transmission dynamics were estimated is provided. In the model, both the latent and infectious classes 
are structured according to time and age-of-infection. The total population size considered in this paper is that of Nigeria. 
The estimation of these variables and parameters will be found useful when performing sensitivity analysis and numerical 
simulations. The estimations provided in this paper will serve as a guide in the estimating variables and parameters of 
other developed epidemiological models of both infectious and non-infectious diseases. 
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Model description 
The infection-age-structured model considered in this paper sub-divides 

the total  population size at time t , denoted by )(tN , into the following 

sub-populations of the Vaccinated individuals  )(tV ;this is the class in 

which members are vaccinated against TB infection; the second class is 

the Susceptible individuals  ;)(tS  this is the class in which members are 

free from TB but are open to infection as they interact with those who 

have active TB; the third class is the Latent individuals  )(tL ; this is the 

class that have contracted TB but are not infectious; the fourth class is the 

Infectious individuals  )(tI ; this is the class that have contracted the 

disease and are infectious. The fifth class is made up of the Treated 

individuals  )(tT ; this is the classes that have recovered from both 

latent and active TB infections due to effective treatment. 

The latent )(tL  and Infectious class )(tI as earlier stated are 

structured by the infection age with the density functions ),( tl and 

),( ti  where t the time parameter and   is the infection age. 𝑇 

stands for a maximum infection age at which a member of the infectious 

class )(tI  must leave the compartment through death; and so

T0 . Similarly, there is a maximum infection age, T  at which 
the latently infected must reach and hence move to the actively infected 
compartment. The infection-age-structured model formulated in Ashezua 
[16] is reproduced in this paper as follows: 
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The total population size at time, 𝑡 is represented by: 

)()()()()()( tTtItLtVtStN                    (13)                                                              

The variables and parameters of the infection-age-structured 
model equations are summarized on Tables 1 and 2 respectively. 

Table 1: Variables of the model 

S/No.  Variable Interpretation 

1     
)(tV

                                                 
Vaccinated individuals at time, t   

2  
)(tS

  
Susceptible individuals at time, t   

3  
)(tL

 
Latently infected individuals at time, t   

4 )(tI
        

Actively infected individuals at time, t  

5  )(tT  Treated individuals at time, t   
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Table 2: Parameters of the model 

S/No.     Parameter   Interpretation 
1      Age-of-infection 
2 

 T  
Maximum infection age 

3    Infection rate 
4 

    
Natural death rate for the population 

5        Waning rate of the BCG vaccine 
6   

Probability of the susceptible individuals acquiring active TB  Infection 

7 
 )1(   

Probability of the susceptible individuals acquiring latent TB  Infection 

8 
     

Breakdown rate of individuals from the latent TB to the infectious TB 

9 
    

Recruitment number due to birth 

10 
   

Proportion of the susceptible new births vaccinated against TB infection 

11  1  
Proportion of the susceptible new births not vaccinated against TB infection 

12 
   

Proportion of the susceptible individuals acquiring active TB infection 

13   1   
Proportion of the susceptible individuals acquiring latent TB infection 

14   Effective vaccination rate 
15   

Death rate due to TB infection 

16 
1  

Treatment rate for the actively infected individuals 

17 
2   

Treatment rate for the latently infected individuals 

18 
e
 

Public health education campaign 

 

Materials and Methods 
As a result of the non-availability of primary data, the estimation 
of variable and parameter values are based on the available 
information obtained from the (CIA), (CDC), (WHO) and the 
published works of other authors cited in this work. 
  
Results  
Estimation of variables and parameters 
A guide is provided below on how the variables and parameters 
of the infection-age-structured mathematical model for 

tuberculosis disease transmission dynamics developed in Ashezua 
[16] are estimated. 
 
The total population of Nigeria 
According to the Central Intelligence Agency (CIA), [17], Nigerian 
population stands at 214,028,302. 
 
Vaccinated children at birth in Nigeria 
The total number of new-borns vaccinated at birth in Nigeria from 
the year 2008 to 2017 is thus summarized in Table 3:  
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Table 3: Total number of vaccinated (Nigerians) at birth from 2008 to 2017 

Year Total Population Birth rate 
per 1000 

Number of new 
births 

Percentage of 
vaccinated new 
births 

Number of 
vaccinated new 
birth 

2008 146,255,300 37.23 5,445,085 65 3,539,305 

2009 149,229,100 36.65 5,469,247 76 4,156,628 

2010 152,217,300 36.07 5,490,478 62 3,404,096 

2011 155,215,600 35.51 5,511,706 46 2,535,385 

2012 170,123,700 39.23 6,673,953 73 4,871,986 

2013 174,507,500 38.78 6,767,401 80 5,413,921 

2014 177,155,800 38.03 6,737,235 74 4,985,554 

2015 181,181,744 39.37 7,133,125 71 5,064,519 

2016 185,989,640 38.90 7,234,700 75 5,426,025 

2017 190,886,311 36.90 7,043,705 79 5,564,527 
         Sources: 1. WHO, [1] 2. CIA, [17] 

 

From Table 3, the total number of vaccinated new birth stands at 
44,961,946. 

TB incidence and prevalence rate 
TB incidence and prevalence rate are central to the transmission 
dynamics of tuberculosis. TB incidence is defined as the estimated 
number of new pulmonary, smear positive and extra-pulmonary 
TB cases per unit time and TB prevalence is defined as the 
proportion of infected individuals at one point in time or over a 
short period of time [18]. 
As recorded by WHO [1], tuberculosis incidence rate per 
100,000 people in Nigeria was last estimated (measured) at 418 
in 2017.  Also, the average prevalence rate of TB between the 
years 2008 to 2017 is given as 380/100,000 which is equivalent to 
0.380. This implies that 0.380 of Nigerians are infected with TB. 
Thus, we have the total number of infected individuals with TB as: 

.755,330,81302,028,214380.0  IL    (14) 

So the total number of individuals infected with mycobacterium 
tuberculosis in Nigeria is 81,330,755. 

Total number of latent individuals in Nigeria 
The latency period of an individual may be for a life time if the 
person’s immune system has not been compromised with other 
opportunistic infections like HIV/AIDS. People who are infected 
with HIV/AIDS are more prone to be infected with tuberculosis 
when they interact or come into close contact with individuals 
infected with TB and progress easily to active TB when their 
immune system is compromised. Generally speaking 90% of 
individuals infected with TB remain latent [1]. So from equation 

(14), we see that out of the 81,330,755 infected with TB, 90% 
remain latent [1] and this is calculated as follows:  

680,197,73755,330,81%90 L                 (15)                                                                  

Total number of actively infected individuals 
Here, note that 90% out of the 75,177,419 infected with TB are 
latent cases. So the remaining 10% are actively infected with TB 
and is calculated as follows: 

076,133,8755,330,81%10 I                       (16) 

Total number of treated individuals in Nigeria 
According to WHO [1], 24% of the individuals infected with TB 
are successfully treated for TB. Therefore, the total population of 
Nigeria according to CIA [17] stands at 214,028,302. So 24% of 
the treated individuals are: 

792,366,51302,028,214%24 T                (17) 

Total number of susceptible individuals in Nigeria 
Here, to get the total number of susceptible individuals in Nigeria, 
the values obtained from Table 3, equations (15), (16) and (17) 
are substituted into (18). The estimated total population of 
Nigeria is provided, we therefore, obtain the total number of 
susceptible individuals in Nigeria as follows: 

808,368,36)(  TILVNS               (18) 
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Natural death rate in Nigeria 
The death rate is defined as the inverse of the life expectancy at 
birth [19]. The life expectancy at birth for Nigeria as at the year 
2020 is 60.4 years [17]. The gives the natural death rate for 

Nigeria to be 0166.0
4.60

1
  per year. 

The Recruitment Number due to Birth  .  

According to CIA [17], the birth rate for Nigeria as at the year 
2020 is 34.60 births per year per 1000 people. This gives the birth 

rate as .0346.0
1000

60.34 1 yr However, the average 

population of new birth in Nigeria is gotten from: 

,



N  

where N is the total population size of Nigeria and  is the 
natural death rate. Thus the recruitment number of new birth

   in Nigeria is estimated as: 

379,405,70346.0302,028,214  N   (19) 

Waning rate of BCG vaccine 
As outlined in the works of Enagi and Ibrahim [20], the BCG vaccine is a 
vaccine that prevents young children from getting TB. The BCG vaccine is 
at best 80% effective in preventing tuberculosis for a period of 15 years 
[1]. Therefore, the 15 years immunity of period of the vaccine is used. 

This gives
1067.0

15

1  yr . 

Infection rate 
On the average, the estimated annual risk of TB infection in Nigeria is put 
at 1.9% [1]. The prevalence rate of TB in Nigeria as stated earlier is 0.380. 
The infection rate of TB is thus calculated as follows: 

.0000722.0100/9.1380.0 1 yr
             (20)

 

Breakdown rate from latent TB to active TB 
According to CDC [2], approximately 5% of individuals with 
latent TB infection will progress to active TB within two year of 
contracting the disease. From this fact, we compute the 
breakdown rate from latent TB to active TB as follows: 

.5.0
2

1 11   yryr
                                               

(21) 

Proportion of the susceptible acquiring active TB infection 
As noted in WHO [1], 90% of individuals have latent TB and the 
remaining 10% have active TB. So we get the proportion of those 
acquiring active TB has follows 

.1.0 1 yr  

Varying parameters  .,,,, 21  e  

The control parameters  21,,,,  e  which represents 

the age-of-infection, effective vaccination rate, public health 
education campaign, treatment rate for the actively infected and 
the latently infected individuals respectively are varied to see their 
impact in the transmission dynamics of TB. 

The summary of the estimation of variables and parameters for 
the model (1) - (5) are presented in Tables 4 and 5. 

Table 4: Values for population-dependent parameters of the model 

S/NO Variable/Parameter       Value    Source 

1 S  36,215,472   Estimated 

2 V  44,961,946   Estimated 

3 L  
73,197,680   Estimated 

4 I  
73,197,680 Estimated 

5 T  
51,366,792 Estimated 

6 N  214,028,302   Estimated 

7    0.0346
1yr  

  Estimated 

8   
 3,873,912   Estimated 



Ashezua        FUAMJPAS 2(2):4-10  Dec., 2022        
 
 

Publication of College of Science, Joseph Sarwuan Tarka University, Makurdi 
https://fuamjpas.org.ng/ 

 
 9 

 

 
Table 5: Values for population-independent parameters of the model 

S/NO Parameter Value Source 
1   0.0000722 

1yr  
Estimated 

2   0.067
1yr  

Estimated 

3   0.5
1yr  

Estimated 

4   0.1
1yr  

Estimated 

5 ,1 ,2 , e,  (0-1) 
1yr  

Assumed 

 
 

Conclusion 
In this paper, a careful guide on how the variables and parameters 
are estimated for an infection-age-structured model for 
tuberculosis disease dynamics developed by Ashezua [16] is 
shown.  This guide will help researchers estimate variables and 
parameters of epidemiological models constructed to study the 
transmission dynamics, prevention and control of both infectious 
and non-infectious diseases. 
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