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Introduction 
Ordinary differential equations (ODEs) arise frequently in 
the study of the physical world, and most of their solutions 
cannot be expressed in closed form using standard methods 
of calculus. This is why the ability to obtain accurate 
numerical solutions is important. This research focuses on 
the first-order initial value problem (IVP) for ODEs of the 
form 

0( , ), ( )y f x y y a y    (1)  

on the interval a x b  where the function

 , : R R Rm mf x y   is continuous in x  and 

further assume the existence and uniqueness of the solution 
for (1). 

Traditionally, researchers have used one of the two classes 
of methods for obtaining numerical solutions to (1), which 
are Runge-Kutta (RK) methods and linear multistep 
methods (LMM) [12]. Some major disadvantages of the 
LMM approach are its poor stability as the step number 
increases with accuracy and the need for additional starting 
values with a constant step size, sometimes using other one-
step methods. For the A-stability property, which is 
desirable for stiff problems, the order of the LMM is limited 
to two by Dahlquist barriers [14]. 
On the other hand, RK methods enjoy higher popularity as 
opposed to the LMM because of their symmetrical forms, 
simple coefficients, efficiency, and numerical stability [1]. 

The RK methods are mainly single-step methods and do not 
require successive high derivatives of a function; therefore, 
they are general-purpose initial value problem solvers. The 
most popular RK method is the classical RK method of 
order four. It is symmetrical in form and has simple 
coefficients. The method is well suited for computers 
because it needs no special starting procedure, makes light 
demands on storage, repeatedly uses the same 
straightforward computational procedure, and is 
numerically stable [11]. RK methods are always referred to 
as the best-known one-step methods [14]. Furthermore, 
the methods are fairly simple to program and easy to 
implement, and their truncation error can be controlled in 
a more straightforward manner than LMM [7]. The 
importance and wide applicability of RK methods for both 
ODEs and partial differential equations (PDEs) have 
continued to attract the attention of researchers (see, [4], 
[6]. 
Whereas [11] derived a sixth-stage implicit RK by 
reformulating a three-step block hybrid method, in this 
research, we obtain a pair of new sixth-stage implicit RK 
types that are reformulated from two-step block hybrid 
methods obtained via the multistep collocation (MC) 
technique. This reduced step number and the particular 
choice of interpolation and collocation points have 
produced more efficient and accurate methods, as this 
research has indicated. 

 

Abstract 

We use the multistep collocation technique to derive a pair of two-step block hybrid methods incorporating two off-step 
interpolation points and one off-step collocation point. The block hybrid methods are then reformulated into a pair of 
new sixth-stage implicit Runge-Kutta-type methods, which are implemented in solving first-order ordinary differential 
equations. Apart from establishing the basic convergence of the new methods, the new methods are A-stable. Numerical 
results indicate that the methods compete favorably with similar existing methods in the literature and should be preferred 
for these types of problems. 
 
Keywords: Block hybrid method; implicit Runge-Kutta, interpolation, collocation, Butcher tableau. 
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Materials and Methods 
We developed a pair of new two sixth-stage implicit Runge-
Kutta type methods (TSIRK). A continuous formulation of 

0r    interpolation points and 0m   collocation points 

and 0 1m k    takes the form: 
 
 

 
1 1

0 0

( ) ( ) ( ) , ( )
r m

j n j j j j
j j

y x x y h x f x y x 
 


 

        (2) 

where ( ), 0(1) 1, ( ), 0(1)j jx j r x j m     are the continuous coefficients of the discrete scheme, n jy   are 

approximations to n jy   with  

( ) 

( )

n j n j

n j n j

y y x

y x f

 

 



 
       (3) 

 

and h  is assumed to be the constant step size with 

1: , 0,1,...,n nh x x n N   , hN b a   on a 

set of spaced points of integration also given by 

0 1 1... ... ...n n n k Na x x x x x x b         
.  

Set p r m  , hence (2) is of degree ( 1)p   where 

( )j x  and ( )j x  are assumed polynomials of the form 

 
 

1

, 1
0

1

, 1
0

( ) , {0,1,..., 1}

( ) , 0(1) 1

p
i

j j i
i

p
i

j j i
i

x x j r

h x h x j m

 

 











  

  




      (4) 

where the constants , 1j i   and , 1j i   are to be determined. Substituting (3) into (2) yields the continuous scheme 

1 11 1

, 1 , 1
0 0 0 0

( )
p pr m

i i
j i n j j i n j

j i j i

y x x y h x f 
  

   
   

        (5) 

which simplifies to  
1 11 1

, 1 , 1
0 0 0 0

( )
p pr m

i i
j i n j j i n j i

i j j i

y x y h f x x  
  

   
   

 
    

 
        (6) 

where  
1 1

, 1 , 1
0 0

r m

i j i n j j i n j
j j

y h f  
 

   
 

        (7) 

From (6),  
1

1

0

( )
p

i
i

i

y x i x






         (8) 

 

In this research, a pair of two-steps ( 2)k   continuous 
hybrid schemes lead to two cases: 

Case I: 4r   interpolation points 1 2
3 3, 0, , ,1n rx r   in 

(6) and 3m   collocation points 3
2, 1, , 2n mx m   in 

(8).  
The matrix equation is of the form 
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V y      (9) 

with V  (being of dimension ( ) ( )r m r m   ) taking 

the form 

2 3 4 5 6

1 1 1 1 1 1
3 3 3 3 3 3

2 3 4 5 6

2 2 2 2 2 2
3 3 3 3 3 3

2 3 4 5

3 3 3 3 3
2 2 2 2 2

2 3 4 5 6

2 3 4 5 6
1 1 1 1 1 1

2 3 4 5
1 1 1 1 1

2

1

1

1

1

0 1 2 3 4 5 6

0 1 2 3 4 5 6

0 1 2 3

n n n n n n

n n n n n n

n n n n n n

n n n n n n

n n n n n

n n n n n

n n

x x x x x x

x x x x x x

x x x x x x

V x x x x x x

x x x x x

x x x x x

x x

     

     

     

    

    

 



2 3 4 5
2 2 2 24 5 6n n nx x x  

 
 
 
 
 
 
 
 
 
 
 
 

  

and 

   1 2 3
3 3 2

0 1 6 1 1 2, ,..., ; , , , , , ,
T

n n n nn n n
y y y y y f f f          . 

 

To solve for  's in (9), we use Maple 18 software and substitute the result into (6) with nx x
t

h


  to obtain a 

two-step continuous hybrid method of the form 
 

       
1

3 3
0 13 3 2 2

( )
k k

j j j n j
n n

j j

y t t y h t f t f  



  

 
   

 
      (10) 

where: 
 
𝛼଴(𝑡) =

మలవవభ

మమభరర
𝑡଺ − భఴఱయభవ

మమభరర
𝑡ହ + రవవలఱళ

మమభరర
𝑡ସ − లళరభఱళ

మమభరర
𝑡ଷ + మవఴలయ

భయఴర
𝑡ଶ − రభళఴభ

ఱఱయల
𝑡 + 1  

𝛼భ
య
(𝑡) = −భళళభరళ

మమభరర
𝑡଺ + భభఱఴఴలళ

మమభరర
𝑡ହ − మవబభఱబభ

మమభరర
𝑡ସ + యరళయయలభ

మమభరర
𝑡ଷ − భమరరవళ

భయఴర
𝑡ଶ + భబవఱవయ

ఱఱయల
𝑡  

𝛼మ
య
(𝑡) = ఱలబలబభ

మమభరర
𝑡଺ − యరవబమబవ

మమభరర
𝑡ହ + ఴభమఴరయభ

మమభరర
𝑡ସ − ఴళమవరఱభ

మమభరర
𝑡ଷ + మలరరలఱ

భయఴర
𝑡ଶ − భళఱమబయ

ఱఱయల
𝑡  

𝛼భ(𝑡) = ି
రభబరరఱ

మమభరర
𝑡଺ + మఱభలలలభ

మమభరర
𝑡ହ − ఱళమలఱఴళ

మమభరర
𝑡ସ + ఱవయబమరళ

మమభరర
𝑡ଷ − భలవఴయభ

భయఴర
𝑡ଶ + భబళయవభ

ఱఱయల
𝑡  

𝛽భ(𝑡) = ି
ఱరమభయ

భభబళమ
𝑡଺ − యమమబమవ

భభబళమ
𝑡ହ + మభబఴబరభ

యయమభల
𝑡ସ − మబళరలయళ

యయమభల
𝑡ଷ + ఱలఴరఱ

మబళల
𝑡ଶ − భభలమయ

మళలఴ
𝑡  

𝛽య
మ
(𝑡) = ି

మయభ

యరల
𝑡଺ + భమభఱ

యరల
𝑡ହ − లవయభ

భబయఴ
𝑡ସ + లబరళ

భబయఴ
𝑡ଷ − భమబఴ

ఱభవ
𝑡ଶ + ఱఴ

భళయ
𝑡  

 

Evaluating (10) at the points  3
2 ,2t   and its first derivative at the points  1 2

3 30, ,t   respectively yields the following five 

hybrid schemes 
 

3 2 1 3
3 32 2

1 1 1

650475 2536191 528525 60025 503475 4095 3675

1417216 1417216 1417216 1417216 708608 22144 708608n n n nn nn n
y y y y y h f f f    

        
 
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3 2 1 3
3 35 2

2 1 2

2225 2025 567 75 475 400 155

692 692 692 692 1038 519 1038n n n nn nn n
y y y y y h f f f    

         
 

 

 2 1 3
5 3 2

1 1 2107391 175203 109593 37870 5536 23246 1856 194n n n n nn n n
y y y y h f f f f             (11) 

 2 1 1 3
3 3 3 2

1 1 24312035 2194815 1913625 203595 448416 432110 28480 2786n n n nn n n n
y y y y h f f f f           

 2 1 2 3
3 3 3 2

1 1 1222045 173745 52245 3945 56052 34090 1472 130n n n nn n n n
y y y y h f f f f           

Writing (11) in the normalized block form gives 

 0 1 1 0 1 1s s s sA Y AY h B F B F          (12) 

where s  represents the block number,  1 2 3
3 3 2

1 2, , , ,s n nn n n
Y y y y y y    ,  5 4 1

3 23
1 1, , , ,s n nn nn

Y y y y y y   , 

 1 2 3
3 3 2

1 2, , , ,s n nn n n
F f f f f f    and  5 4 1

3 23
1 1, , , ,s n nn nn

F f f f f f   , 

  0

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

A

 
 
 
 
 
 
 
 

,

3263
29160

382
3645

13
1 0 120

123
1280

2
15

0 0 0 00 0 0 0 1

0 0 0 00 0 0 0 1

, 0 0 0 00 0 0 0 1

0 0 0 00 0 0 0 1

0 0 0 00 0 0 0 1

A B

  
  
  
   
  
  

      

 and 

4013 139 671 1688 77
12600 900 9720 127575 48600

106 31 34 128 11
225 450 1215 18225 12150

621 27 23 8 1
1 1400 100 120 525 600

729 729 207 129 63
1400 12800 320 700 12800

54 27 128 232
175 50 15 175 150

B

  
  
  
 

 
 
 

  are  5 5 matrices. 

We represent (12) using 0 1 0, ,A A B  and 1B  in the Butcher tableau of the form  

                                                                c         A           (13)         
                                                                             
 
 b 

where ,i jA a , ib b  and   ,1
1,2,...,

s

i i jj
c c i s a


   =

,1

s

i jj
a

  yields 
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3263 4013 139 671 844 771
6 58320 25200 1800 19440 127575 97200

191 53 31 17 641 11
3 3645 225 900 1215 18225 24300

13 621 27 231 4 1
2 240 2800 200 240 525 1200

3 123 729 729 207 129 63
4 2560 2800 25600 640 1400 25600

27 271 1
15 175 100

0 0 0 0 0 0 0

1

 















 64 23
15 175 300

27 27 64 231 1
15 175 100 15 175 3001

       



     (14) 

Expressing (14) as an implicit Runge-Kutta type method yields 

1 1 2 3 4 5 6

1 27 27 1 64 23

15 175 100 15 175 300n ny y h k k k k k k
        
 

    (15) 

where 

 1

2 1 2 3 4 5 6

3 1 2 3 4 5 6

4

,

1 3263 4013 139 671 844 77
,

6 58320 25200 1800 19440 127575 97200

1 191 53 31 17 64 11
,

3 3645 225 900 1215 18225 24300

1 13
,

2

n n

n n

n n

n n

k f x y

k f x h y h k k k k k k

k f x h y h k k k k k k

k f x h y h



           
  

           
  

   1 2 3 4 5 6

5 1 2 3 4 5 6

6 1 2 3 4 5

621 27 23 4 1

240 2800 200 2400 525 1200

3 123 729 729 207 129 63
,

4 2560 2800 25600 640 1400 25600

1 27 27 1 64 23
,

15 175 100 15 175 300

n n

n n

k k k k k k

k f x h y h k k k k k k

k f x h y h k k k k k k

        
  

           
  

        6

  
  
  

 

The method (15) is the first two-step sixth stage implicit 
Runge -Kutta type method code named TSIRK1 in this 
research.   

Case II: 4r   interpolation points at 
31

4 4, 0, , ,1n rx r   in (6) and 3m   collocation points 

at  3
2, 1, , 2n mx m   in (8). Similarly, repeating the 

procedure in case I yields the normalized block form (12), 
where in this case, 

 1 3 3
4 4 2

1 2, , , ,s n nn n n
Y y y y y y    ,  5 4 1

3 23
1 1, , , ,s n nn nn

Y y y y y y   ,  

 1 2 3
3 3 2

1 2, , , ,s n nn n n
F f f f f f     and  5 4 1

3 23
1 1, , , ,s n nn nn

F f f f f f    with 0A and 1A  same as in case I but  
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1441
15360

331
5120

1
0 15

17
320

13
135

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

B

 
 
 
 
 
 
 
 

and 

583 1039 487121 221
3150 1800 23040 28800 537600

297 73 297 43 243
700 200 2560 3200 179200

656 112 1 2 1
1 1575 225 90 225 1050

81 7 81 8141
175 25 160 200 11200

512 512 512 794
1575 675 45 675 525

B

  
 

  
   
 
   

. 

The equivalent Butcher tableau (13) for case II yields 

583 1039 4871 1441 121 221
8 30720 6300 3600 46080 57600 1075200

3 331 297 73 297 43 243
8 10240 1400 400 5120 6400 358400

328 561 1 1 1 1
2 30 1575 225 180 225 2100

3 17 81 7 81 8141
4 640 350 50 320 400 22400

13 256 256 2
270 1575 675 45

0 0 0 0 0 0 0

1

 

 
















 256 79
675 1050

13 256 256 256 792
270 1575 675 45 675 10501 

       



       (16) 

Similarly, expressing (16) as another implicit Runge-Kutta type method yields 

1 1 2 3 4 5 6

13 256 256 2 256 79

270 1575 675 45 675 1050n ny y h k k k k k k
        
 

    (17) 

where 

 1 ,n nk f x y  

2 1 2 3 4 5 6

1 1441 583 121 1039 221 487
,

8 30720 6300 3600 46080 57600 1075200n nk f x h y h k k k k k k
           

  

 

3 1 2 3 4 5 6

3 3 3 1 2 9 7 7 3 2 9 7 4 3 2 4 3
,

8 1 0 2 4 0 1 4 0 0 4 0 0 5 1 2 0 6 4 0 0 3 5 8 4 0 0n nk f x h y h k k k k k k
           

  

 

4 1 2 3 4 5 6

1 1 328 56 1 1 1
,

2 30 1575 225 180 225 2100n nk f x h y h k k k k k k
           

  
 

5 1 2 3 4 5 6

3 17 81 7 81 41 81
,

4 640 350 50 320 400 22400n nk f x h y h k k k k k k
           

  
 

6 1 2 3 4 5 6

13 256 256 2 256 79
,

270 1575 675 45 675 1050n nk f x h y h k k k k k k
           

  
 

 
The method (17) is the second two-step-sixth stage implicit 
Runge -Kutta type method (TSIRK2) of this research.   
 
Results and Discussions 
Convergence analysis of TSIRK1 (14) and TSIRK2 (17) methods. 
Theorem 1: Super-convergence ([9]). 

If the condition ( )B p  holds for some p s , then the 

collocation method has order p  where 
 

  1 1

1
, 1, 2,...,

s
k

i i k
i

B p b c k p


    (18) 

Applying (18) to (14) and (17), we see that both are of order 
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6p  . Hence, they are referred to as sixth-stage 
methods. 
A Runge-Kutta method is consistent if and only if  

1

1
s

i
i

b


  ([3]). Hence, both the pair (14) and (17) 

confirm the consistency of TSIRK1 and TSIRK2 respectively.  
Based on [3], the Runge-Kutta method is convergent if and 
only if it is consistent. Consequently, the methods TSIRK1 
(14) and TSIRK2 (17) are both convergent [3]. 
 Stability of the Runge-Kutta methods [3]. 

Definition 1: The stability function  R z for (13) is defined 

by  

   
 

det

det

( )

( )
I zA zeb

I zA

N z
R z

D z
 
    (19) 

where   : 1z R z  ,  1,1,...,1
T

e  .  

 
Theorem 2: A Runge-Kutta method with stability function 

  ( )

( )

N z
R z

D z
 is A-stable if and only if (a) all poles of R

(that is, all zeros of D ) are in the right half-plane and (b) 

  0E y   for all real y where 

  ( ) ( ) ( ) ( )E y D iy D iy N iy N iy     (see [3] 

for the proof).  
Applying (19) to (14) and (17) yield the stability polynomials 
  

5 4 3 297 347 73 131
10368 51480 17280 540 24

5 4 3 27 1011 1 11
34560 1296 640 1080 24

1

1 1
( )

z z z z z

z z z z z
R z 

    

    
  and  

 
5 4 3 27 341 613 259 13

73728 184320 30 720 1920 24

5 4 3 23 331 1791 11
40 960 4096 30720 1920 24

1

2 1
( )

z z z z z

z z z z z
R z

    

     
 respectively.  

 

Now, each of 1( )R z  and R2(Z) clearly satisfy theorem 2. 

In particular, 

 
1570371710 8 6 491 7081 97

1 10749542400 54954348134400 2001542400 3706560( ) 0E y y y y y      

and 
10 8143 1

2 16986931200 2654208( ) 0E y t t     

 
respectively for all real y . Thus, TSRIK1 (14) and TSRIK2 
(17) are both A-stable and are viable alternatives for solving 
stiff initial value problems as well. 

Numerical experiments. 
We test the accuracy of the new methods in terms of their 
absolute errors with some examples from the literature, 
and the results are presented in Tables 1–5, where we have 

used the notation ( ) : 10ba b a  . 
Example 1 [11].  

Solve 
3

' 2 , (0) , 0.1,0 1
4

xy y e y h x      .  

Exact solution: 3 21 13
( )

3 12
x xy x e e   .  

 
Table 1 compares the results in [11], and the smaller errors 
in Table 1 indicate that the new pair, TSIRK1 and TSIRK2, 
outperformed [11], with an outstanding result by TSIRK2. 

 
 

 
Table 1: Absolute Errors for Example 1. 

x  Mshelia et al. [11] 

3k   
TSIRK1 (14) 2k   TSIRK2 (17) 2k   

01 1.4442E(-11) 6.8729E(-12) 5.0930E(-12) 
0.2 3.5268E(-11) 1.6785E(-11) 1.2438E(-11) 
0.3 6.4600E(-11) 3.0744E(-11) 2.2782E(-11) 
0.4 1.0518E(-10) 5.0059E(-11) 3.7094E(-11) 
0.5 1.6057E(-10) 7.6410E(-11) 5.6625E(-11) 
0.6 2.0000E(-09) 1.1190E(-10) 8.2984E(-11) 
0.7 3.0000E(-09) 1.5956E(-10) 1.1824E(-10) 
0.8 1.0000E(-09) 2.2271E(-10) 1.6503E(-10) 
0.9 1.0000E(-09) 3.0600E(-10) 2.2675E(-10) 
1.0 6.0000E(-09) 4.1524E(-10) 3.0770E(-10) 
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Example 2 [2] Solve: 

 ' 8 8 1, (0) 2, 0.1,0 1y y x y h x        .  

Exact solution:  
8( ) 2 xy x x e  . Table 2 compares the 

results with those in [1] and [2], and the smaller errors in 

Table 2 indicate better accuracy of the new methods over 
[1] and [2], with TSIRK2 being the best. 

 
Table 2: Absolute Errors for example 2. 

x  Agam [1] Agam [2] TSIRK1 (14) TSIRK2 (17) 

01 7.82E(-06) 1.89E(-06) 1.1497E(-07) 9.8582E(-08) 
0.2 1.72E(-06) 1.69E(-06) 1.0332E(-07) 8.8591E(-08) 
0.3 1.16E(-06) 1.14E(-06) 6.9638E(-08) 5.9710E(-08) 
0.4 6.95E(-07) 6.80E(-07) 4.1721E(-08) 3.5772E(-08) 
0.5 3.91E(-07) 3.85E(-07) 2.3433E(-08) 2.0092E(-08) 

 
Example 3 [11], Solve: 
 

2 1
' 20 20 2 , (0) , 0.05,0 1

3
y x y x y h x       . 

Exact solution: 2 201
( )

3
xy x x e  . The results are 

compared with [8], [11], and [13] in Table 3, and the smaller 
errors in Table 3 also indicate better performance of the 
new pair, TSIRK1 and TSIRK2, over [8], [11], and [13], with 
TSIRK2 being the most accurate. 

 
Table 3: Absolute Errors for Example 3. 

x  Yakubu et al. [13] 3k   Kwami [8] 3k   Mshelia et al. [11] 

3k   
TSIRK1 (14) 2k   TSIRK2 (17) 2k   

0.1 1.0629E(-02) 4.2107E(-05) 1.2554E(-07) 6.0252E(-08) 5.2655E(-08) 
0.2 5.3890E(-03) 6.4073E(-04) 3.3979E(-08) 1.6317E(-08) 1.4252E(-08) 
0.3 1.2320E(-02) 5.3864E(-04) 6.8979E(-09) 3.3123E(-09) 2.8932E(-09) 
0.4 1.3008E(-03) 7.2861E(-05) 1.2447E(-09) 5.9770E(-10) 5.2207E(-10) 
0.5 4.1148E(-04) 1.0418E(-05) 2.1056E(-10) 1.0111E(-10) 8.8319E(-11) 
0.6 3.9430E(-04) 1.7999E(-06) 3.4196E(-11) 1.6421E(-11) 1.4343E(-11) 
0.7 4.0724E(-05) 2.4356E(-07) 5.4000E(-12) 2.5928E(-12) 2.2647E(-12) 
0.8 1.3629E(-05) 3.3443E(-08) 8.3600E(-13) 4.0112E(-13) 3.5039E(-13) 
0.9 1.3677E(-05) 4.8625E(-09) 1.2800E(-13) 6.1062E(-14) 5.3291E(-14) 
1.0 1.4145E(-06) 1.2680E(-07) 1.0000E(-14) 9.1038E(-15) 7.9936E(-15) 

 
Example 4 [11] Solve: 

 ' , (0) 1, 0.05,0 1y y y h x      . Exact 

solution:  ( ) xy x e . 

Table 4 compares the results in [8], [11], and [13] and the 
smaller errors in Table 4 again indicate the improved 
accuracy of the new pair with TSIRK2 outperforming. 
 

 
Table 4: Absolute Errors for example 4 

x  Yakubu et al. [13] 

3k   
Kwami [8] 3k   Mshelia et al. [11] 

3k   
TSIRK1 (14) 2k   TSIRK2 (17) 2k   

01 2.1541E(-7) 1.0482E(-11) 2.0E(-15) 5.5511E(-16) 4.4409E(-16) 
0.2 6.9544E(-7) 4.9204E(-11) 4.0E(-15) 1.1102E(-15) 7.7716E(-16) 
0.3 2.8062E(-7) 5.6546E(-11) 6.0E(-15) 1.5543E(-15) 1.1102E(-15) 
0.4 4.1350E(-7) 5.8933E(-11) 7.0E(-15) 1.8874E(-15) 1.3323E(-15) 
0.5 2.8127E(-7) 8.2750E(-11) 7.0E(-15) 2.1094E(-15) 1.5543E(-15) 
0.6 4.1578E(-7) 8.3785E(-11) 7.0E(-15) 2.4425E(-15) 1.7764E(-15) 
0.7 4.9444E(-7) 8.1565E(-11) 9.0E(-15) 2.4425E(-15) 1.7764E(-15) 
0.8 3.7785E(-7) 9.5601E(-11) 9.0E(-15) 2.4425E(-15) 1.7764E(-15) 
0.9 4.6203E(-7) 9.3104E(-11) 9.0E(-15) 2.4980E(-15) 1.8319E(-15) 
1.0 5.0564E(-7) 8.8506E(-11) 9.0E(-15) 2.5535E(-15) 1.8874E(-15) 
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Example 5 [10],  Solve: 

' , (0) 1, 0.1,0 1y xy y h x     . Exact solution:  
2

2( )
x

y x e . 

The results are compared with [5] and [10] in Table 5. The 
smaller errors in Table 5 clearly demonstrate the improved 
accuracy of the new pair TSIRK1 and TSIRK2 methods 
developed in this research over [5] and [10] with TSIRK2 
outperforming. 
 

Table 5: Absolute Errors for Example 5. 
x  James et al.  [5]. Momoh et al. [10]. TSIRK1 (14) TSIRK2 (17) 

01 5.29E(-7) 2.6067E(-11) 2.3648E(-13) 1.9096E(-13) 
0.2 1.77E(-7) 8.4319E(-11) 9.5901E(-13) 7.5540E(-13) 
0.3 8.99E(-7) 1.8509E(-10) 2.2520E(-12) 1.7577E(-12) 
0.4 3.09E(-7) 3.4796E(-10) 4.2693E(-12) 3.3151E(-12) 
0.5 1.91E(-6) 6.0512E(-10) 7.2562E(-12) 5.6146E(-12) 
0.6 4.48E(-6) 1.0070E(-09) 1.1582E(-11) 8.9369E(-12) 
0.7 1.02E(-5) 1.6310E(-09) 1.7791E(-11) 1.3696E(-11) 
0.8 7.74E(-5) 2.5956E(-09) 2.6682E(-11) 2.0499E(-12) 
0.9 1.44E(-5) 4.0816E(-09) 3.9426E(-11) 3.0230E(-11) 
1.0 2.93E(-5) 6.3647E(-09) 5.7738E(-11) 4.4190E(-11) 

 
 
Conclusion 
Results in Tables 1–5 show that the absolute errors of 
TSIRK1 (14) and TSIRK2 (17) of this research yielded the 
least errors when compared with the listed existing 
methods. This indicates better accuracy. Furthermore, the 
superiority of TSIRK2 over TSIRK1 is clearly seen. Thus, 
this pair could become viable alternatives for solving similar 
ODEs, as opposed to the existing methods in the literature. 
The A-stability property of the methods suggests their 
applicability to stiff ODES as well. 
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