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Abstract

In this paper, alternative hybrid exponential regression-cum-ratio type estimators of finite population mean in stratified
random sampling utilizing two auxiliary variables are proposed. The proposed estimators are an extension of estimator
to stratified random sampling. The expressions for the bias and Mean Square Error (MSE) of the estimators are derived
and asymptotic properties of the proposed estimators investigated. A comprehensive simulation study to show the
efficacy of the estimators as compared to conventional estimators was carried out using Coefficient of Variation as a
performance measure. The results of the simulation study have shown that the proposed estimators were not only
asymptotic and more efficient, but they also produced estimates that were more precise than most of the existing
estimators considered in this study.
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Introduction

When auxiliary information are utilized at the
estimation stage, the ratio, product and regression
methods are usually employed for a given sampling
design [2]. Under simple random sampling, several
authors have suggested estimators and, of course,
introduced certain modifications to estimators of
population  characteristics  especially  when
information on auxiliary variable that is highly
correlated with the variable of interest is known.
These include works by [3], [4], [5], [6], [7], etc.
Since stratified random sampling has been proved
for providing more efficient estimates of population
parameters over SRS, several authors have extended
application of modified estimators in SRS to Materials and Methods
stratified random sampling. For instance, [8] Preliminaries and notations

type exponential ratio-cum product estimator of
population mean in stratified sampling.

The stratified sampling scheme is preferable in situations
where the population is heterogeneous in nature but it is
possible to create non-overlapping groups with similar
characteristics (homogeneous units). This  study
constructs alternative hybrid exponential regression-
cum-ratio type estimators of population mean in stratified
random sampling by considering the correlation
coefficient as the parameter space.

suggested a ratio-cum- product estimator of mean
using correlation coefficient between study and
auxiliary variates in stratified sampling whereas, [9]
proposed a ratio-cum-product estimator in
stratified random sampling. Using information on the
coefficient of kurtosis of auxiliary variables, [10]
proposed an improved dual to ratio cum dual to
product estimator of finite population mean in
stratified sampling,[I 1] estimator in stratified
sampling is modification of[10] estimator using two
transformed auxiliary variables.

In fact,[5] estimator of finite population in Stratified
sampling is a turning point in the use of auxiliary
variable for increasing the precision of estimators of
population characteristics when the correlation
between auxiliary variable and the study variable is

Consider a finite population U = {Uy, Uy, ..., Uy} of size
N and it is partitioned into L strata of size,Ny(h =
1,2,...,L). Let Y be the study variable of interest and X
and Z be two supplementary variables taking values
Yhi»Xpi and zp;(h = 1,2, ..., L;i = 1,2, ... N) on it" unit
of the h'" stratum. A sample of size n, is drawn at
random without replacement from each stratum which
comprises a sample of sizen = Yk_ n,. Basically,
Ny,: Population size of hstratum, ny: Sample size of

th v — 1 yNh . hth ;
h*"' stratum, Y}, = N—hZh:1 Vhi:h™ stratum population
. v 1
mean of the study variable Y, Xy =N—Zgilxhi:hth
h
stratum population mean of the auxiliary variable X, Z;, =

1 ¢Nn .hth . -
N—hZh:1 Zpi - h™! stratum population mean of the auxiliary

. S 1 .
waals Raced an thic I21ciicoactad hvhrid seph variable Z, Y = ﬁzhzl Zfihl Yhi- populatlon mean of study
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< 1oL N
Y, X= ﬁZh:l Zi=h1 Xhi*
. 7 _ 15L Np
variable X, Z = ﬁzhﬂ Y

" . - 1
auxiliary variable Z, yy, = H—Zgilyhi: sample mean for the
h

population mean of auxiliary

Zpi: population mean of the

. - 1
study variable Y for ht! stratum, %, = EZELXM: sample
mean for auxiliary variable X for hth stratum, Zn =
1 . .
H_ZEL Zp;: sample mean for auxiliary variable Z for hth
h

Np

stratum, W}, = N stratum weight of h™® stratum, yg =

Yk Wi¥n: unbiased estimator of population mean of study
variable Y, Xg =Xk  Wixy:
population mean of auxiliary variable X, Zg; = Z}L,:lwhzh:
unbiased estimator of population mean of auxiliary variable

Z, S)ZI,h = ﬁZ}I}q(Yhi

unbiased estimator of

—Y)?%: hth stratum population

1 yL
L YL (g —
- N _1Zh—1( hi
Xp)?: hth stratum population variance of auxiliary variable
2 _ L
X, Szh Zh=1(zhi

variance of auxmary variable Z, Sy, =

variance of study variable Y, SZ, =

—Zp)?: ht" stratum population

Zh 1(Yh1

X
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¥i) (xp; — Xp): h™ stratum population covariance between

Y and X, Sy,n= Zh 1Oni — Yo) (zni — Zp): hh
stratum population covarlance between Y and Z, Sy, =
Np— 12}1 1(xhl
covariance between X and Z, X}, = (1 - ghex'h)ih: hth
stratum sample mean of transformed auxiliary variable X,
Zh = (1 - ghez‘h)zh: h™  stratum sample mean of
transformed auxiliary variable Z. We also define:pyyy:The
parameter subspace, (0.7 < pq,p2,p3 <1); Py :the
parameter subspace, (0 < p,,p3 <0.5U0.7<p; <1)
Prri: The parameter subspace, (0 < pq, s, p3 < 0.5) and
PriL : the parameter subspace, (—0.5 < pq,p,, p3 < 0),
where, pq:Correlation coefficient between Y and Z, p,:
Correlation coefficient between X and Z, p3: Correlation
coefficient between Y and X.

Xn) (zni — Zp) :h™  stratum  population

Existing estimators in literature

Ratio-cum-product estimator in stratified sampling

[9] proposed a ratio-cum-product estimator in stratified
random sampling. It is presented as follows:

Zst

Z

Yrp.st = Vst <x5t> (__—) (1)

Bias(Yrpst) = Yst
iL1=1

MSE (Yrp.st) = Yszt Z 6’hWhZ [ng,h + Cag,h_z(cyxh

h=1
Improved ratio-cum-product estimator

QhWhZ (CJ?h - nyh -

szh + Cyzh) (2)

- Cy,z,h + Cx,z,h)] (3)
Using information on the coefficient of kurtosis of auxiliary
variables, [10] proposed an improved estimator of finite
population mean in stratified sampling. It is given by:

VTetst = Vst

, _ — Son
Blas(yTet.st) = Yst Z ehth [(}?LZ —
h=1 1h

h=1
where,

_ ZL A Wi (X + ﬁzn(x)}l I
1 Wh {Xn + Bon ()}

szh >+ 1(Syzh
XinZin) Y \Zip

MSE (Yretst) = Z OnWi2[S]n + RESZ, + R3SE,

1 Wi iz, + ﬁzn(z)}l @

A Wi {Zy + Bon(2)}
S

%)

(5)
- ZRISyzh _2R1R25xz] (6)

Y - Y

Dual to ratio-cum-product estimator

_ W X + ﬁZh(x)};

Zan = Yhet Wi AZy + Bon(2)}

Estimator [12] in stratified sampling is modification of [10]
estimator using two transformed auxiliary variables. It is
given as:
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_ Zﬁ:l Wy {xp + ﬁZh(x)}l [2%1:1 Wiz, + Bon(2)} %

Yyrst = Vst Wh {Xn + Bon O} [ Xk oy Wi {Z) + ﬁzh(Z)}

9n Szh Sxzh 1 SJ’Zh
B = Z On Wy Ty ( °
tas(Fyrse) = Ysr hWh'Gn IZIh <Z1h X1h> Y\Zy, th ®

MSE (Yyr.se) = Z BhWhZ [Sf,h + g}%R%ZSQ%h + g,%R%SZZh — 29nR12Syxn

2
+29,R13Sy, — ZghR12R13SxZ] 9)
where,
R 4 dR Y
12 = F and Kj3 = =—
Xin Z
Proposed estimator under stratified sampling scheme Case I: Proposed estimator under stratified sampling
Motivated by [I1], we propose the following hybrid when  auxiliary variables are not
exponential type regression-cum-ratio estimators of finite transformed
population mean in stratified random sampling under two The proposed estimator when the variables are not
conditions. transformed is given as:
= XSt fst
Yuvst = Vst + Bn(Zse — Zs)exp |ap (X (10)
st T Xt
where, [ and ay, are suitably constants which minimize the MSE of y,,,, -
We define:
I =Va(1+eyn); %o =Xn(1+exn); Zn = Zp(1+ ez )i E(eyn) = Eexp) =
— 2 — V'L 2 2 . 2 — V'L 2 2. 2 —
E(ezn) =0, E(ey,h) = Yh=1 Wy 0n.C5 p; E(eZn) = Xhaa WE 0,CEp; E(eZy) =
2 2. — V'L 2 . —
=1 Wi 0nCops E(ey,hex,h) = Yh=1 Wi 0nPyxnCynCupn; E(ey,hez,h) =
L 2 . — V'L 2
=1 Wy ehCy,hCz,h’ E(ex,hez,h) = Yh=1Wj OrPx,2,nCx,nCzn
where,
1 1 . . .
0, = (n— — N—) ;h=1,2,...,L,is the sampling fraction of the ht"stratum.
h h
Theorem I: SRS for stratification when the auxiliary variables are not
The bias of the alternative hybrid regression-cum-ratio transformed is given by:
exponential type estimator of finite population mean under
L
Bias(Jypst) = Yse ) WZ 6 Lazcz, -1 CxnC
Las\Yyvp.st) = I'st h Yh 38 aplxn 2 ahpyxh xh“~yh
- L
1 ,
*s Wi BnZst@nOnPxznCxnCan (11)
h=1
Proof of Theorem I: Consider the expression in equation (10) above. Inserting

the appropriate definitions of section 2 into the following
expression, we have:

Xoe — X
yuv st — [yst + ﬁh(zst Zst)]exp lah <u>l
XSt + St
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= [ZL: Wiyn + B (i Wy Zy, — ZL: th_h>]
h=1 h=1 h=1

s exp [a (Zlflﬂ WiXp — Xhoy thh)l
h = —
P WX + Xk Wik,

L L L
= ZWth(l'i'eyh)'i'Bh ZWhZ_h_ZWhZ_h(]‘-I_eZh)
h=1 h=1 h=1
« exp Ia <Zﬁ=1 WXy — Yot Wh X, (1 + exh))l
h

hma WX + 252y Wi X (1 + eyp)

L L L
z W, Yh(1 + eyh) + Bn z WhwZp, — z Wi Z,(1 + ey)
h=1 h=1 h=1

WXy (1= (1 + exn) }
WX, (T+ (1 +ey)

L
— —e
Z Wh [Yh(l + eyh) - ,BhZhezh]exp [ah (2 n Zh )]
he1 xh

* exp {ah

L
_ — -1
- Z Wi [V + Yeyn — BuZnesn|exp [ a;exh (1 + e;—h) ]
h=1

: = = 1 1 1,
= z Wy [V + Yeyn — BuZnen] * exp [—Eahexh (1 ——expt—ey— )]
h=1

2 4
L
=  _ 1 1 , 1 3
= Z Wh [Yh +Yey, — .BhZhezh]exp [_Eahexh + 7 %nxh — g *nlxh + ]
h=1
By First order approximation principle, we have:
L
= _ 1
= Z Wh [Yh +Yey, — ﬁhzhezh]exl) [_Eahexh] (12)
h=1

Expanding the expon;ntial part of the expression in (12), we have

1 1 11

L
vV oLV 7 1 2,2 3,3
= > Wi [Yn+Yey, = BuZpes] |1 - 5 @n€xn ¥ o155 Ah€xn ~ 3753 XrnCxn

h=1
+ ]
L
5 o = 1 1, 1 353
= Z W, [V, + Yneyn — BrnZnemn| |1 - > @nexh + g XiCxh ~ 75 Fnexn + -
hzl
o ] 1 1,
= Z W, [V, + Yneyn — BrZnezn) [1 — 5 nexn + gahexh]
h=1
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L
_ 1 1 - _ 1 1 5 o
= Z Wy {Yh [1 — Eahexh + gahexh] + Yheyp [1 — Eahexh + gahexh]
h=1
_ 1 1 2
— BrZnezn [1 ~ 5 @nexn + §ahexh]}

_ 1 1 s 2 _ 1 1 5 5
Wy {Yh [1 — Eahexh + gahexh] +Y, [eyh — Eahexheyh + gahexh]

I
=

b~
Il
Juy

] 1 1,
— BrZn [ezh - Eahexhezh + gahexhezh]}

%z 1 1 2,2 1 2.2
WpiY, [1 — Eahexh + gahexh +eyn — Eahexheyh + §ahexheyh

I
N

h=1
] 1 1,
— BnZn [ezh ~ 5 @neéxnézn + gahexhezh]}
L
11 1, 1
= Wh {Yh + Yh I:—E(lhexh + gahexh + eyh - Eahexheyh]
h=1

_ 1
— BrZn [ezh - Eahexhezh]}

1

L
~ _ 71 1
Yuv.st — Yst = z Wh {Yh [_ Eahexh + galee,%h + €yn — Eahexheyh
h=1
_ 1
—BnZn [ezh - Eahexhezh]} (13)

Taking expectation on both sides of (13), and inserting the definitions of expectations

above, we have:

Bias(f/u,,) = E(Vuv.st — 7st)

L
o1 1, 1
Z Wh {YhE [— Eahexh + gahexh + eyh - Eahexheyh]
h=1

_ 1
— BrZnE [ezh -3 ahexhezh]}
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Z Wy, ¥y [ > sapE(ew) +3 “hE(exh) +E(eyn) — “hE(exheyh)]

— Bn Z Wy, Zy, [E (ezn) — “hE(exhezh)]

L L
_ 1 2 2 ) 1
= Tu °+‘Z W @20, Cly +0 = > WE tu0npyen ConCon
h=1 L 1 h=1
Z Wh ,Btht [0 = ApOnPxznCx hCzh]
h=1
L
_ N B I
=Yy Z Wy 0 (g apCin — Eahpyxhcxhcyh> + EZ Wy BrZst@nO0nPxznCunCan
h=1 h=1

Therefore,

L
. = \V4 2 1 22 1
Blas()’uv.st) = Yst § Wh eh <§ athh - Eahpy,x,hcx,hcy,h>

h=1
L
1 A
+5 ) Wi BrZsc@nOnprznConCan
h=1
Theorem 2: population mean under simple random sampling without
The Mean Square Error (MSE) of the alternative hybrid replacement for stratified sampling is given by:

regression-ratio exponential type estimator finite

_ > Wi C 6
MSE (Vyw.st) = Ys2 zpz—y( Py,xh + pxzh +pyzh ZPYxhpxzhpyzh 1)
h=1x2zh

py,x,hr px,z,hr py,z,h * il (14)
Proof of Theorem 2:

MSE (3yy) = EFuvst — Ysr)?, therefore, squaring both sides of (13), we have:

< 1 1 1
(yuv.st - 7st)2 = [z Wh {Yh [_ Eahexh + gaizleagh + €yn — Eahexheyh]

h=1
2

_ 1
— PrZn [ezh -3 ahexhezh]}

L 1 L 2
= [z W Yh (eyh - Eahexh> = PBn Z Wh Z_hezh
h=1 h=1
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- [Z W2 T2 (eyn =5 ane)
h=1
. 1
(Bh Z WhZhezh) Z Wi Yy (eyh -3 ahexh>

L

2
Z hezh

h=1

_ 1
=Y2 (ey —-2.= > ahexheyh + 4ahexh>
_ 1
— 2 BrYstZyt (eyhezh > ahexhezh) + BrZie?
_ — — 1
E(yuv.st - Yst)z = Yszt <E(e;h) - ahE(exheyh) + —aﬁE(e,%;J)

—2 Bh stZst [E (eyhezh) ahE(exhezh)]
+BRZEE (e2y)
MSE(yuv.st) = E(yuv.st],:_ st)z

=Y2 wz(6,c% — a6 C.,C l20(;'2
st h \Onlyn — ArOnPyxnlxn yh+4ah hCxn
h=1
] L 1
—2Z Z Wy BrYst (6hpyzhcyhczh — Eahghpxzcxhczh>
L
23 ) Wi BR0nCEy (15)
h=1

To obtain the optimal value of ajandfjthat minimizes the MSE (y,,,s:), we differentiate (15)
with respect to ay, frand equate to zero.

OMSE (YVyp.st) d 1
— = {Yszt (ehC ahehpyxhcxhcyh +— aizzehCJ?h)
aah 0 4

_ 1
=2 BnYsiZst <6hpyzhcyhczh Zahehpxz xhCzh> ﬁh steh zh} 0
_. /1
= Ya <§ anbnCoy — 0rPyxnCxnCy h) + BuYstZstOnprznCinCon = 0

_. /1 _ -
Yszt <§ ahehcfh - ehpyxhcxhcyh) = = BrYstZstOnPxznCxnCon
ﬂ _ 1?:9t.0yxthhCyh - .BhZ_hpxzthhCzh

2 Yo G2
o = Z(Ystpyxhcyh - .BthtpxzhCzh) (16)
" 7sthh
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OMSE Gups) - - (1 i}
Thuvs = 2YZ s (E AnOrPxznCxnCon — ghpyzhcyhczh> + 2BnZ%C2 6
_ - /1 _

Yot Zst (E An 0k PxznCxnCon — 9h,0yzhCthzh> + BnZCi6y =0

_ _ 1
BnZsiConbn = Yt (Bhpyzhcyh 3 nOnPxzn th)

1 1?'st (ahpxzh th - Zpyzh Cyh)

Pn="—5 7 C (17a)
st~zh
Putting (16) into (172):
ﬁ — Ystpyxhpxzhcyh - .BthtpygzhCZh - Ystpyzh Cyh
" ZStCZh
_,BthtCzh - Ystpyxhpxzh BthtpxzhCZh Ystpyzhcyh
thstpxzhczh .BthtC h — Ystpyxhpxzhcyh stpyzhcyh
C C
Bh _ st(pyxhpxzh yh — pyzh yh) (17b)

ZstpzznCan — ZstCon
Substituting the value of (16) and (17b) into Equation (15), gives on simplification:

MSE(yuv.st) = Z th Hh(YSZ Y Cyhhpyxh + Zﬁh stZstpxzhpyxhC hCzh

h=1 o ~
—ZﬁhYstZsthzhCthzh ﬁhZStpxzhszh - ﬂizlzsztczzh)

L _
. Z W2 Ysztcggheh (pgzth + pxzh + pyzh - 2pyxhpxzhpyzh - 1)
- h

he1 pyzczh -1
Therefore,
_ = Wi C5 16
MSE(yuv.st) = Ys Z —y( Py x,h + pxzh + pyzh
h=1 px,z h

_Zpy,x,hpx,z,hpy,z,h - 1); Pxzhs Pyzh» Pyxn F +1
We now, substitute the values of a; and S,from (16) and (17b) respectively, into (I 1) to obtain

bias of y,,,, 5+ as:

L
o . A U
Blas(yuv.st) = Yst Z Wh Hh <_ athh - Eahpy,x,hcx,hcy,h)
h=1

8

L
1 _
+_Z Wi BrZse@n6ppsznCon

. Cyn6hn 2
Blas(yuv.st) = st Z Wh 2 1)2 (pxzhpyzh - pyxh) » Pxzh #1 (18)
Pxzh
Case llI: Proposed estimator in stratifi ed random The proposed estimator when the variables are
sampling when auxiliary variables are transformed is given as:
transformed.
Xi— X
_ = — st st
Vevst = se + Bin(Zse—Zs) exp |aan | 5———= (19)
Xge + X5y
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where, 15, and aqjsuitably chosen constants that minimize MSE of y;,, -

Theorem 3 sampling when the auxiliary variables are transformed is
The bias of the hybrid regression-cum-ratio exponential given by:

type estimator using SRSWOR, under stratified random

L
o _ 1 1
Bias(Viy.st) = Ysr Z Wy [— Ealhghehpyxhcxhcyh + §“fhg§9hcfh]
h=1

L
1_
+ zzst z Wi Bin @197 OnPrznCxnCan (20)

h=1
Proof:

Consider the expression in (19)

_ _ - X5 — Xt
Vevst = Vst + Bin(Zst—Zs)] exp [alh (—St—_i>l
Xge + Xg¢

By substituting the basic definitions for Vg, Xg; and Zg;, we have:
L
Vivst = z Wi [(1 + eyn) Vi + Bin(1 — gnesn)Zn—Z4|
h=1 _
{ Vi1 Wi (1 = grexn) Xy — Xn) }
* exp

a — _
1h YhoiWh (X + (1 — ghexn)Xn)

> > > —YnCxh
= [Yst + Ysceyn — ﬁlhghezhzh] exp [“m <—2 — ghz h)]
X

_ _ 1 1 -1
= [V + Yoreyn — Bingneznln] exp l— > @1hGnCxh (1 — Eghexh) l
= [Yst + 17steyh - ﬁlhghezhz_h]
1 1 1 5 2 1 3 3
* exp [— > @1hGnxh (1 + > gnexn + 7 9hCxn + g InCxn
= [Yst + 17steyh - ﬁlhghezhz_h]

_1 1 5, 1 s
* €Xp [ =5 A1rGnexn + 7 ¥1h9nCxn ~ g ¥1nGnCxn +

By first order approximation,

_ _ _ 1
= [Yst + Yseeyn — Blhghezhzh] exp [_Ealhghexh] (21)

Expanding the exponential part of (21) we have:
2

_ _ _ 1 1/1
= Ve + Yseeyn — BingneznZn] ll ~ 5 ®1nGnexn + o1 (E alhghexh)

1/1 °
—§(§a1h9hexh) +
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= [Z‘t + 1?'steyh

1
~ 18 —aipgnesn + ]

= [Z‘t + 1?'steyh

- .Blhghezhz_h]

- .Blhghezhz_h]

FUAMIPAS 3(2):37-54 Dec. 2023 é

1- 5 #1ngnCxn + gafhgleefh

_1——a e +1a2 202
_ 2 1h9n€xh 3 1h9hCxn

1 L, 5,
=Yg + Yoeyn (1 — 5 #1ngnCxn + g ¥1hIhCxn
_ 1 1 5 2 2
— Bin9ineznn |1 — 5 ¥1hJ1nxn + g #1nGinCxn
> > 1 1, 2.
=Yg + Yot ~ 5 ®1ngnxn + g ¥1hIhCxn
_ 1 1 s 2.2
+ Yo |eyn — 5 #1ngnCxnCyn + §“1h9hexheyh
> 1 2 1, 3,
= B1inZn |91n€zn — > @191r€xh€zh + g XinginCxnzn
_ > > 1 1, 55 > 1
Vevst — Yst = Yor | — Ealhglhexh + §a1h91hexh] + Yot [eyh - Ealhglhexheyh]
—ﬁ1hZ_h [glhezh - Ealg%hexhezh]
_ > > 1 1 1, 5,
Vevst — Yst = Yot Ealhglhexh +eyn Ealhglhexheyh + §“1h91hexh]

(22)

_ 1
—P1nZst [glhezh 3 “1hgfhexh€zh]

Taking expectation on both sides of (22) gives us the bias.

" Bias(Viyst) = E(Frp.st — _st)
= Yo [ sainginE (exn) + E(eyh) -5 “1h91h5(exh@yh)
1
+ 8 alhglhE(exh)]
—BinZst [glhE(ezh) a1h91hE(exhezh)]

SN

h=1

~<I

Therefore,

1
[O +0— —a1h91h91hpyxhc nCyn + gafhgfhgmcfh]

- BunZr Z wi o3

L
W2 1, 5, 2
Z h ——a1h91h91hpyxhc nCyn + §“1h91h91hcxh

h=1

a1h91h91hpxzhc hCzh]

L
_ 1
+ BinZst Z 45 [E alhgfhglhpxzhcxhczh]
h=1
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L
. _ 1 1
Bias(yt,) = Y Z th [5 “fhgfhglhcfh - §a1h91h91hpyxhcxhcyh]
h=1
L

1_
2 2
+ EZst Z Wi Bin®1n91101nPxznCxnCzn
h=1
Theorem 4
The MSE of the hybrid regression—ratio exponential type estimator in stratified random sampling is given by:

S Ce
= . 77) 2 _“Yh“1h r 9 2 2
MSE(th.st) - Yst Z Wh 2 _ 1 [pyzh + Pxzh + pyxh_zpyxhpxzhpyzh - 1] (23)
h=1 Pxzn

where, Pxzh» Pxzh» Pyzh +1.
Proof:
In order to obtain the MSE of ¥, ;;, we square both sides of Equation (22) and take expectations.

_ 7.2 = |y 1 1 Lo 5
Fev.se — Yse)* = Yse | — > 1hJ1rCxn teyn — > “1hJ1n€xneyn + g %1nginCxn

_ 1
— B1inZst (glhezh -3 alhg%hexhezh>]

_ 1 _ 2
= [Yst (‘ > X1ng1n€xn + eyh) - ﬁstt(gmezh)]

_ 1 _ 1
Ya (— > @1hG1hCxh + eyh) = 2B1nYstZstG1nezn (E X1hG1hexn T eyh)
) + BinZéginesn

— V2 2 2 2 2
=Y [Z A1nGinexn — X1ng1n€xneyn + eyh]

_ - Mn
=2 BinYstZst [E A1nGinexnezn + glheyhezh]

+BnZE gineln (24)

Taking expectations on both sides of (24) and substituting the definition of expectations, we have:
_ _.I1
5 2 _vy2 2 2 2 2
E(ytv.st - Yst) - Yst [Z alhglhE(exh) - alhglhE(exheyh) + E(eyh)]

S |
=2 BinYstZst [5 alhg%hE(exhezh) + glhE(eyhezh)]
+BinZ 2 9nE (e2n)

L
_ V2 2 (1 5 2 2
=Y Z Wy (Z A1h91n010Cxn — A1 G10010Pyxn CxnCyn + 91hCyh>
h=1

L
_ 1
- 2YstZst Z th .Blh (E alhg%helhpxzhcxhczh
h=1

L
+ g1h91hpyzhcyhczh) +Z% Z W BZngin61nCon
h=1
Therefore,

MSE(ytv.st) = E(ytv.st - 7st)2
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L
= Y2 w2 1az 2 0,,C% —a 0 Cyn,Cyp + 601,C?
st h\z 1h91nV%1nlxn 1h91nY1nPyxnbxnlyn 1hlyn

L
2¥uZs S W2 o~ 10 G2nOunrsnConC

- st&st h .Blh _Ealhglh 1hPxzhlxnlzn

h=1

+ g1h91hpyzhcyhczh)
L

72 2 p2 2 2

+Zs ) Wi Binginb1nCan (25)
h=1

To obtain the value of ayp, 1, that minimizes the MSE, we differentiate Equation (25) partially with respect to a; p, 1 5, and

equate to zero:

OMSEGevst) _ 0
aallh aallh

L
Y2 W2 l 2 g%2.0,,C%, — 7] C,,C
st h 4“1,h91,h 1,hlxn = ®1,r91,n01,0Pyx,hCx,n by h
h=1
& 1
+ 91,hC§,h) —2YuZg z Wi Ban <_5al,hgihgl,hpx,z,hcx,hcz,h
h=1

L
+9110011Py, 20 CynCon) + 2% Z wi 312,h912,h91,hcz2,h] =0
h=1

_ 1
Y2 (2- 7 Ay ngin0nCin — 91,h91,hpy,x,hcx,hcy,h)

_ - 71
—2B1nYseZ st (Egfhgl,hpx,z,hcx,hcz,h) =0
_.r1
Yszt <§ 0—’1,h912,h91,h53,h - g1,h91,h.0y,x,hcx,hcy,h)

+.81,h17:9tz__stgih91,hpx,z,hCx,hCz,_h =0
Ystglhpyxhcyh - .Bthstg%hpxzhCzh

—a1,9%,Con, =
> 1hglh_ xh Ysg 2
a _ Ystgl,hpy,x,hcy,h - z(ﬁl,hzstgl,hpx,z,hcz,h)
s — Y
! Ystgihcx,h
Therefore,
= Z(Ystpy,x,hcy;h - ﬁl,thtgl,hpx,zCz) (2661)
Ystgl,th,h
OMSEFvst) .o 5 ( 1
Thvs = —2YyZs (‘ > 11097 101,1nPxznCenCon + G1,n010Py znCyp Cz,h)
1,

+2 BipZ29%,01nCon = 0

_ 1
_ZYstZst (_ E al,hgf,hel,hpx,z,hcx,hcz,h + gl,hel,hpy,z,h Cy,hCz,h>
—2 ﬁl,hz_sztgihgl,hczz,h =0
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Y, ZC
alh — ( stpxzh y,h .Blhglh Zh) (26b)
Ystpx,z,hcx,h
Equating (29a) to (29b), and solving for f; ;, we have:

1?'stcy,h (px,z,hpy,x,h - py,z,h)

n=— (270)
Hh Zstgl,hcz,h(pa%z - 1)
Substituting (30a) into (3.104a) and simplifying, we have
2C -
al’h — ,h(px,z,hpy,x,h py,z,h) (27b)

gl,hCz,h(pazc,z,h - 1)
Substituting (26a) and (27b) into (25), we have on simplification gives:

_ Wi Y01 nCyp
MSE(ytv.st) = Z S—( y z,h + pxz h + py x,h Zpy,x,hpx,z,hpy,z,h - 1)
he1 px,z,h
Therefore,
Cy,h 1,h
MSE(ytv st) - st Z Wh —( Py,zn + pxz nt pyx h Zpy,x,hpx,z,hpy,z,h - 1)
Pxzh

where, Py x,hr Px,z,hs Py z,h + 1-
Recall from (20) that:

1
Bias(Viyst) = Yt Z wy [ = a1,091,001,0Py xn CxnCyn + 8 “f,hgfhgmcf,h]

L
_ 1
+B1nZst Z Wy [E al,hgihel,hpx,z,hCx,hCz,h]
h_

Substituting (30a) and (30b) into the above expression gives on simplification

o 1_ Wi Cy n61n 2
Blas(ytv.st) = Eyst Z - 2 (pxzhpy,zh py,x,h) y Px,z #1 (28)

=1 (pﬁzc,z,h - 1)

Corollary I:
The bias of the alternative hybrid estimator under stratified
random sampling when the auxiliary variables are not

transformed, Bias(Jy,s:) is -1 times the bias of the
alternative hybrid estimator when the auxiliary variables are
transformed, Bias Jeyst)- ie. Bias Fypst) =
—Bias(Vrp.s¢)

Corollary 2:

The MSE of ¥, the alternative hybrid estimator under
stratified random sampling when the auxiliary variables are

RE(T,T*;0) =

transformed, is independent of g and equals the MSE of
Vuv.st, the alternative hybrid estimator when the auxiliary
variables are not transformed, ie. MSE(Jyps) =
MSE (Ytyst)

Efficiency Criteria

For two unbiased estimators T and T* of 8, we compare
the variances of the estimatorsto determine their relative
efficiency, i.e. Relative Efficiency of T and T™ is:

Var(T")

Var(T) (29)

We extend this to large sample variances of asymptotically unbiased estimators.
Let {T;'},i = 1,2 and {T}-},j = 1,2, 3 be asymptotically unbiased for 7(8), then it is said that T}"is Asymptotically EfficientRelative

to{Tj}if:

ARE(T;, T/;6) = lim

noo Var(T;) —

<1, 0€0,i=12j=123 (30)
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where {T;},i =1,2are the proposed and {Tj},j= 1,2,3 and existing and competing estimators [9], [10], [I1] under

consideration in this study.

Results

Table I: Statistics of Study Populations

Population
Parameter

PopulationI  Population Il  Population III

BNy X ==

W
‘§ N(?JPE,IBJ

‘é-/)
N

t
RIFREVEINCINCIN CIEY

1000 1000 1000
3000.32 126.72 125.69
2000.08 25.91 99.71
1000.02 75.28 83.04
9750 5155.49 12839.33
26.71 208.08 9597.71
25.53 1832.56 6086.2
~2.12 ~16.34 ~505.61
0.248 29.19 —413.89
~1.42 ~22.23 ~318.98
9.87 71.81 11331
5.168 14.43 97.97
5.052 42.81 78.01
0.0033 0.718 0.902
0.0026 0.557 0.98
0.0051 0.569 0.94
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Table 2: Coefficient of Variation of Estimators for Populations I-111

Population |
Sample size (n)

Population
Sample size (n)

Population Il
Sample size (n)

CCP Estimator 10 25 50 100 10 25 50 100 10 25 50 100
P Vuwst  0.0116 0.0040 0.0057 0.0013 5.8650 2.5218 0.7995 0.2639 4.6854 0.8937 0.3714 0.1984
Vewse 00116 0.0040 0.0057 0.0013 5.8148 2.4536 0.7990 0.2605 4.8743 3.6859 2.7917 1.4585
Vrerst  0.0286 0.0258 0.0266 0.0108 10.7968 11.5826 5.7271 2.2202 17.8435 4.0003 2.7897 1.8392
Vyrse  0.0241 0.0229 0.0205 0.0080 7.4116 4.7111 2.5533 1.3140 8.2492 1.9296 1.2522 0.8143
Vepse  0.0501 0.0441 0.0403 0.0113 17.8623 14.9265 7.1448 3.3589 23.7095 5.0702 3.3989 2.2009
punn Vupse  0.0115 0.0034 0.003 0.0011 3.2046 2.4837 0.5505 0.2278 4.6751 0.7146 0.3265 0.2665
Viwse 00115 0.0034 0.003 0.0011 3.2142 2.4249 0.5430 0.2269 4.4975 0.5274 0.2118 0.1777
Vrerse ~ 0.0493 0.0407 0.0278 0.0137 5.9747 6.2766 2.9863 1.3188 16.274 3.1830 2.2772 0.6634
Vyrse  0.0242 0.0225 0.0182 0.0087 7.3724 4.5912 2.4185 1.3007 8.2585 1.9117 1.2256 0.7242
Vepst  0.0139 0.0216 0.0230 0.0021 15.3470 10.9000 5.1559 2.7904 17.316 3.1725 1.6658 1.4808
P Vuwse ~ 0.0211 0.0231 0.0179 0.0077 11.7215 7.4628 3.4823 2.3321 11.8764 2.5188 1.7998 1.3327
Vewse 00211 0.0231 0.0179 0.0077 11.7988 7.4295 3.4880 2.3364 11.3808 3.5056 2.4046 1.2769
Vrerst  0.0526 0.0436 0.0410 0.0178 14.0814 8.7589 3.3587 2.2388 17.5939 4.2813 2.6489 1.3338
Vyrse  0.0239 0.0232 0.0181 0.0082 6.8779 4.3559 1.9492 1.3424 8.24931 1.9331 1.2396 0.7157
Vepst  0.0233 0.0269 0.0288 0.0123 20.5416 12.3171 4.7851 3.3885 20.0748 4.6881 2.8435 1.8062
pi. Vuwse  0.0238 0.0200 0.0172 0.0086 9.0483 7.4887 2.7368 1.3830 11.9018 2.2326 1.6046 1.2788
Vewse  0.0238 0.0200 0.0172 0.0086 9.0073 7.5337 2.7484 1.3700 11.3827 1.4861 1.0958 1.2120
Vrerst  0.0441 0.0319 0.0268 0.0120 12.3857 8.1705 3.6095 3.5320 17.2646 3.8966 2.521 1.5165
Vyrse  0.0358 0.0261 0.0204 0.0096 6.51863 4.3804 1.4923 0.8733 823653 1.915 1.222 0.7401
Vepo  0.0532 0.0270 0.024 0.0108 14.7522 11.4140 4.3175 4.6453 20.0748 4.6881 2.8435 1.8062
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Table 3: Asymptotic Relative Efficiency of Estimators for Populations I-lll

Population |
Sample size (n)

Population Il
Sample size (n)

Population IlI
Sample size (n)

CCP Estimator 10 25 50 100 10 25 50 100 10 25 50 100
pui.  Juwss: 10000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
Vivee 10000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
Vretsr 01652 00238 00447 00142 02626 00514 00211 00133 0.1215 00418 0.0108 0.0073
Jyro 02317 00304 00760 0.026] 06587 0.2957 0.1060 0.0407 0.3583 0.1448 0.0510 0.0363
Vaper 00536 00081 00195 0.1283 0.1018 0.0327 00143 0.006! 0.1047 0.0250 0.0073 0.005
punn Vuwse 10000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
Vivee 10000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
Vrersr 00546 0.0069 00116 0.0064 02593 0.1626 0.0353 0.0278 0.1215 0.0320 0.0092 0.0712
Vyro 02254 00225 00272 00160 02013 02892 00536 0.0308 02974 0.0716 0.0301 0.058]
Vaper 06803 0.0243 0.1093 02683 0.0417 00571 00125 00066 0.1633 0.0310 0.0171 0.0142
o, Fuwee 10000 10000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
Vivee 10000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
Vrersr 01611 02780 0.1892 0.1858 0.6372 0.6603 1.1457 10326 0.6592 04186 0.4345 0.9644
Jyro 07813 09851 09732 08874 3.1157 3.0239 3.0650 3.I501 1.8894 1.6563 18840 3.256I
Vaper 08232 07260 03845 03918 0.4242 03539 05381 04764 05047 03360 03759 05227
05, Fuwee 10000 10000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
Vivee 10000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
Vroter 02912 03952 0.4081 05123 04750 0.8070 07525 02492 0.6844 05037 0.4796 0.7459
Jyre 04420 05879 07067 07950 1.9992 29991 3.2556 2.6955 1.8949 1.6820 19388 3.0450
Vape | 0.1998 05524 05107 0.6228 0.4637 04381 04096 02114 05046 03349 03759 05227
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Discussion of Results

In this paper, dominance is measured on the minimum
Coefficient of Variation (CV) and Asymptotic Relative
efficiency criteria defined by (30) above. From Table 2, we
consider the first partition of the parameter space denoted
bypy,.- The proposed estimators have dominated other
estimators in the entire subspace for populations | and I
respectively. In case of Population lll, one of the proposed
estimators, y,, s dominated its variant, ¥;,s; and other
estimators in this particular parameter subspace (py; ;). The
proposed estimators have been shown to be asymptotically
efficient when compared with the other estimators
regarding population(l-1ll) as shown in Table 3. In the second
partition of the parameter space defined bypyyy, it is
obviously noticed that the proposed estimators dominated
the other estimators in the entire subspace for all the three
populations (I, Il, Ill) as depicted in the second compartment
of Table I. They are also asymptotically most efficient than
the other estimators (Table 2). In case of the third
subdivision of the parameter space defined byp;;;,the
proposed estimators dominated the other estimators for

Conclusion

In this paper, regression-cum-ratio exponential type
estimators of finite population mean were proposed under
stratified random sampling scheme. The expressions for the
bias and Mean Square Error (MSE) of the estimators are
derived and asymptotic properties of the proposed
estimators investigated. A comprehensive simulation study
to show the efficacy of the estimators as compared to
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